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Dynamics of the Nested Triangles Formed by
the Tops of the Perpendicular Bisectors

Grégoire Nicollier

Abstract. Given a triangle, we construct a new triangle by taking as vertices
the tops of the interior perpendicular bisectors. We describe the dynaics
this transformation exhaustively up to similarity. An acute initial triangle gener
ates a sequence with constant largest angle: except for the equitzteealthe
transformation is then ergodic and amounts to a surjective tent map ofténe in
val. An obtuse initial triangle either becomes acute or degenerates ynmgac
right-angled state.

1. Introduction

The midpoints of the sides of a trianglg3C' are the vertices of theedialtrian-
gle, which is obtained from BC' by a homothety of ratie-1/2 about the centroid.

By iterating this transformation, one obtains a sequence of directly similarcheste
triangles that converges to the common centroid. The feet of the mediares and
the perpendicular bisectors generate thus a boring sequence! Tloétlee angle
bisectors are more interesting: the iterated transformation producesensecqpf
nested triangles that always converges to an equilateral shape vasish@8] for
isosceles initial triangles and in [2] for the general case (in 2006). 111 999s,
four papers [3, 4, 9, 1] analyzed tpedalor orthic sequence defined by the feet
of the altitudes: Peter Lax [4] proved the ergodicity of the construction.cive
sidered in [5] reflection triangles and their iterates: the vertices of the ewgte

are obtained by reflecting each vertex4BC in the opposite side. We were able
to decrypt the complex fractal structure of this mapping completely: the segse
generated by acute or right-angled triangles behave nicely, as theysataaverge

to an equilateral shape.

The tops of the medians, angle bisectors, and altitudes are the vertices of the
original triangle. But what about the tops of the interior perpendiculachiss of
ABC' as new vertices? We found no trace of this problem in the literature. The
solution presented here offers an elementary and concrete approcttdo® and
requires almost no calculations. Note that another kind of triangle and @olyg
transformations have a long and rich history, those given by circulararlicem-
binations of the old vertices, like Napoleon’s configuration (see theeedes in
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Figure 1. Triangled, B1C1 of the tops of the interior perpendicular bisectors

[6]): their dynamics can be best described by using convolution ptedud a
shape function relying on the discrete Fourier transform [6, 7].

2. Triangle of thetops of the perpendicular bisectors

Let A = ABC be a triangle with corresponding angles3, v and opposite
sidesa, b, c. The interior perpendicular bisectors issued from the side midpoints
M,, My, and M, end atA;, By, and(C, respectively (Figure 1). The triangle
Ay = A1B1Cy = T(A) is thechild of A, andA a parentof A;. We denote
the mth iterate of the transformatidfl by 7™, m € Z. We are interested in the
shapeof the descendants and ancestoragf.e., in their angles. In this paper, we
provide an exhaustive description of the dynamic¥ afith respect to shape.

We consider only two types of degenerate triangles, the “isosceles! weeass-
sign angle®°, 0°, 180° to every nontrivial segment with midpoint and anghées,
90°, 0° to every nontrivial segment with one double endpoint. A nondegenerate
triangle isproper. We identify the shape of a triangle with the point of the set

S={(a,8)]0° < B <a<90°—3/2} U{(0°0°),(90°0°)}

given by the two smallest angles &f (Figure 2). S is the disjoint union of the
subsetsD, R, and.A of the obtuse, right-angled, and acute shapes, respectively.
We denote the shape of an isosceles triangle with equal anglss/,,, 0° <

a < 90°. The shapes of the isosceles triangles formrtwé of S, whose top is

the equilateral shapg.. The transformatiofi’ induces a transformationof S.

We setr(Igpo) = Igpo by definition. The children of right-angled triangles are
degenerate with two vertices at the midpoint of the hypotenuseaps the whole
segmentR to Iygo. There are no other proper triangles with a degenerate child.
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Figure 3. Isosceles parent triangles with angles 8 for a > 60°,45° < a <
60°, anda < 45°

The roof is invariant under (Figure 3).1y. and the points of the right roof side
are fixed points, and

Irq if 0° <« <45°
T(la) = § Tigoo—2o  if 45° < a < 60° .
I, if 60° < v < 90°
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Whena grows,7(1,,) travels on the roof as follows: fromye to Igge for 0° <
a < 45°, then back talgy. for 45° < o < 60° before descending the right roof
side for60° < a < 90°. Each shapd, has thus one, two, or three isosceles
parents according as it lies on the left roof side/g@t or Iggo, or on the rest of
the right roof side, respectively. F60° < a < 90°, the three isosceles parents
of I, are itself, the point where the parallel T through I, cuts the left roof
side, and the reflection of this parent in the linefaf An equilateral triangle has
four isosceles parents: itself and three of shape. I, degenerates eventually to
Igp- (and this aftern steps) if and only it = 90° /2™ for some integefn > 0.
Otherwise,l, # Iy reaches its final nondegenerate sthte, or I1590_on,, after
n steps, where, > 0 is given by30°/2"~1 < o < 45°/2"~!in the first and by
45°/2"1 < o < 60° /2"~ in the second case.

We consider the tangents of the angleg\of

U+ v
w — 1

u=tana, wv=tanf, w=tany=

We write tan(a, 8) for (tan «, tan ). In the (u, v)-plane, the transformation in-

[w]

duced byr is essentially the radial stret¢h, v) — (u,v). More precisely, we
u

have the following result.

Theorem 1. When(a, 3) is the shape of the proper obtuse or acute triangylehe

|w]

anglesa; and 8, of T(A) are acute withn; > (1 andtan(aq, 81) = — (u, v).

According as the parent is obtuse or acute, its child has a smaller or the sam
largest angle.

Proof. We first look at the acute ca86° > v > « > 3 > 0° (Figure 1). LetD be
the intersection of sidewith the perpendicular bisector of By Thales’ theorem,
A M:.M,Cy and M.By DM, are convex cyclic quadrilaterals with circumcircles
of diameters4;Cy andB1 D, respectively. One has thug = ZM . M,B = v =
/M_.B1D and

CiM. CiM. c¢/2 DM, tanp
M.B,  ¢/2 DM, M.B; tana
Sincea; = v, one hasy; < ZA1C1B =a < 7.

In the obtuse casg > 90° > « > 5 > 0°, A, lies on the right of\/, and B; on
the left. One considers the quadrilaterddsA, M,Cy and By M.D M, to geta; =
LM .M,Cy =180° — v = LM_.B1 D andtan $; = tan 3 - tan(180° — «y)/ tan a.
One hasy; = 180° — (a1 + B1) = v — f1 < 7. O

tan f; = tan-y.

An acute shape and all its descendants lie thus on a parallel to the line of the
right-angled shapes: for every € (0°,15°], the segment of acute shap@§®
parallel toR from 450y, to Iggo 2, is invariant under (Figure 4).

The shape of an obtuse or right-angled child;, ) is (a1, 1) sincey; > ag
(with equality for(«, 5) = Igp-). The shape of an acute child(is:, 81), (71, 61),
or (f81,71) sincea; > (3. We describe below the conditions of each occurrence.
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Note that(v;, 1) is the horizontal reflection dix;, ;) in the line of the right roof
side and thats1, 1) is the reflection ofy;, 51) in the line of the left roof side.

Theorem 2. The acute shapgv, §) and its reflection in the line oR, the obtuse
shape(90° — 3,90° — «), share the same child.

Proof. The tangents of the shapes drev) and (v/,v") = (1/v,1/u). Since
w' = —w andv’ /u’ = v/u, the children have the same angles. O

As a consequence, the segmé&htof obtuse shapes joiningg. and Iygo is
reflected inR by 7 to the right roof side consisting of fixed points (Figures 2 and
4). (When an isosceles child triangle has a scalene parent, note thatcioaf
in the child’'s axis gives a second parent triangle.) Andgoke (0°,15°], the
action of r on the segmerngbt of obtuse shapes parallel ® from I45._, to
(90° — 4¢p, 2¢) € Q is the reflection taPZ¢ followed by 7: sincePZ¢ is invariant
underr, 7 mapsP2™ to P,

3. Dynamics of the transfor mation

Consider a slopa with 0 < A < 1. On the segment = \u, 0 < u < /1/X,
lw| is given by(1 + A\)u/(1 — \u?) and is a strictly growing convex function of
u with image|0, +00). The segment = Au, 0 < u < /1/A, is thus stretched
bijectively and continuously to the whole half-line= A\u, u > 0, by the map

|wl

(u,v) — —(u,v), whose only fixed point is the origin. The strictly growing
u

curvesl'y corresponding to these segments are given by
['y: fB=arctan(Atana), 0°<a<90° 0< <1,

which is 5 = a for A = 1: they link the originly. and the point(90°,90°),
are symmetric in the line oR, and provide a simple covering ¢fa, 8) | 0° <
B < a < 90°} (Figures 2 and 4). The lower parF:‘;\bt of the"y’s for 0° <
a < arctan y/1/\ cover the set of the obtuse and proper right-angled shapes. The
middle parts['{° for arctan \/1/A < a < arctany/1 + 2/ cover the set of the
acute shapes. By Theorem 1, the transformatistretches eacﬁgbt to the doubly
bent curvel'8e" linking Ipe and Igg- (Figure 2): %M s obtained froml", by a
horizontal reflection of its upper part in the line of the right roof side fotdvioy a
partial reflection in the left roof side. By Theoremr2maps each pathi® (joining
a right-angled shape and an isosceles fixed poim) ¢ the way back alonﬁge”t
from Igg. to the right roof side.

T provides thus a simple covering 61 U R \ {Igo-} (by obtuse shapes ex-
clusively), a fivefold covering ofA without roof, a triple covering of the section
{Io | 45° < a < 60°} of the left roof side, a double covering @f,- and a
guadruple covering of the right roof side without endpoints. The ¢ogesf A
without roof consists of three layers of obtuse and two layers of acupesh
More precisely, each regiafl,, C O bordered by the curve™"(R) and its parent
curver"~1(R) is mapped byr bijectively and upwardly (along the curvés,)
to the next less obtuse regidh, ; for all integersn > 1 (Figure 2). The curve
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Figure 4. The five parents of the acute sh&p&’, 30°) € £ and the parent
curves of the segmefZS

T "(R), n = 0, joins 450 ;9» and Igpo. Every neighborhood of the-axis con-
tains all but finitely many ancestor regions@§, the region of theslightly obtuse
shapes Op \ {I30-} is the disjoint union of three layers of the fivefold covering
of A without roof and of a double covering of the acute roof section witligyst
and Iyg-. Each of the following three subregions ©f is mapped bijectively to
A without roof (along the three smooth sections of the cufﬁ}ﬁé") . the lower
subregionO!*", the middle leng2", and the upper subregiaf,” delimited by
the curvesr—1(R), Q, £°, andR. The curveL° consists of the obtuse parent
shapes mapped to a bend point of some cmﬁ?@ton the left roof side. The re-
flections of O and O, in the line of R, separated by the cun&?’, constitute
the remaining two layers of acute shapes in the covering.of

The shape of an acute chitda, 5) is (a1, 1) if the parent(a, ) lies in O{)OW,
(v1, B1) if the parent is inOT or A", and (51, 71) if the parent is located be-
tween£°tand £2€ (Figure 2).

The bijective stretch

p i {(u,0) |u>v>0,uv <1} = {(u,v) |u>v >0}, (u,v) T(U,U)
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is the inverse function of

V(w4 v)2 + 4udv — (u+v)
2u2v

plu,v) = (u, ).

One parenta, 5) of the proper shapéy;, ;) is thus the obtuse shape given by
tan(a, 8) = p(tan(aq, B1)) (Figure 4). When(«y, 81) is an acute shape, the
parent(a, 8) lies in O and the other parents are the obtuse shdpés?’),
(o, 8") given bytan(a’, ') = p(tan(y1, £1)), tan(a”, 8") = p(tan(y1, 1))
and their acute reflection®0° — 3’,90° — o) and (90° — 8”,90° — &) on
P€§1+ﬁ1_900)/2. Except(«, ), the parents are the vertices of a rectangle. The
parent(«, 3) and(aq, 51) lie on the same curvE) (A = tan 31/ tan ay), whereas
(o/, 8) and(a”, 8") reach their child by traveling on bent curvB$" and I'bem
(N = tan B/ tan~y;, \ = tan oy / tan 1), after the first bend fofo, /) € O
and the second fai”, 3") € Oy".

Each acute nonequilateral triangle has exactly five differently placeshtsar
by axial symmetry, an isosceles child has one or two pairs of inverselyweng
scalene parents according as its equal angles are larger or small&Othavwe
already mentioned the four parents of an equilateral triangle: itself and tfre
shapelsgo. The formula fomp(u, v) shows that the parents of a given proper triangle
are all constructible by straightedge and compass.

The parents$a, 3) of the proper right-angled shapgs; , 51) with tan(a;, 51)=
(u1,v1) are the obtuse solutions afv; = 1 and constitute thus the curve

T R)\ {Tooo}:  tan®(a+ B) =tana/tanB, 0°<B<a, a+ < 90°

(Figure 2). Since:; /v1 = u/v, the proper shapes of 2(R) are the shapesy, 3)
below~1(R) with tan?(a; + 81) = tana/tan 3, and so on. For each integer
n > 1, a parametric representation of the curvé'(R) without Iyg- is given by
tan(a, B) = p" (@, 1/4) with tan 8 = 42 tan o and (@, 1/4) = tan(a, 90° — &),
45° < & < 90°, wherep™ denotes thenth iterate ofp. The maximal elevation of
77"(R) seems to be approximate?g° /n.

|w]

Because the origin is the unique fixed point of the stréich)) — T(U,’U)

in the set{(u,v) | v > v > 0,uv < 1}, the only possible fixed point of on
'y N S (besides the endpoints) is the double poinT§f" (Figure 2). But this
acute double point is the unique pointDje”ton its parallel toR and is forced
to be its own child. The curvé; of the nonisosceles fixed shapes jolgg and
Igoe in A and lies below’2% the shapesa, 5) € C; are thus the solutions of the
equation(a, 8) = (v, B) = (S1,71), i.e, u = vy, which can be transformed into
v? + (u — u®)v + u? = 0. The solution that corresponds to shapes is
L)

Ci: v:§(u -1- (u2—1)2—4), uw=tana, v =tan 3, u > V3.
When the shapéx, 5) of A lies onCy, T(A) is directly similar to A, sinceA =
ABC andA; B1Cy are then equally oriented with= a1 > a =81 > 8 = .
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In general, one finds the child of the acute shé&pg3) as follows. Draw the
curvel', through(«, 8) by takingA = tan 8/ tan . The child is the point where
the parallel taR through(«;, 3) cuts one of the two bent sectionsIde" (Figure 2).

A proper scalene shage, ) on the curvel°t which links Igge and I5go, is
the obtuse parent of sonig, 45° < & < 60°. I; = (&, &) is the bend ofg’emon
the left roof side. Before bending, was the poin{180° — 24, &) located on the
curvel's, like its parent(a, 3). One has thus

A = tan &/ tan(180° — 24) = (tan® & — 1)/2

andtan(a, 8) = (u,v) = (u, Au) with w < 0. The conditionr(«, 8) = I, is
equivalent taw; = vy, since the twesmallerangles ofl'(A) have to be equal. The
equationw; = v; can be transformed intb+ u/v = v/1 + w? and further, since
v = Au anduv < 1, into

Atandu? + A\ + 1)u — tan & = 0.
The positive solution: gives

tan & + cot &)? 2 tan & + cot &
ﬁobt: — t — \/( —
v tana 16 tan® & — 1 4 ’
B =180° — a — 24, 45° < & <60°.
One obtains the parametric representatiof ¥fby reflection inR or (since now
uv > 1) from the equation tan & u? — A(\ + 1)u — tan & = 0, which leads to

ac. _/(tané + cot &)? 2 tan & + cot &
£ tanO‘_\/ 16 tan?a—1 " 4 ’
B=24—a, 45°<a<60°.

The segmenPZ® parallel toR from Iyse4, 10 Ioge 24, 0° < ¢ < 15°, has
five parent curves (Figure 4R5¢is doubly covered by itself under, once by the
portion between the left roof side antf’, once by the restPZ° is covered twice
by Pgbt through reflection followed by. And the curve

Ky:  tan(a, ) = p(tan(a,90° + 2¢ — @)), 45°+ ¢ < a < 90° — 2o,

formed by the parents i®°" of some shape aP3¢is mapped bijectively ont®°
(along thel'y's). Ky, links Iy 504,/2 and the end shap@0° — 4y, 2¢) of P};bt.
The regionOy \ {1300 } is the disjoint union of the nested pointed arckigsJ P};bt,
0° < ¢ < 15°. Such an arch coverBf,}C three times under: down, and up, and
down again.

When restricted tchc, the transformatiom amounts to the surjective tent map
t — 2min(t,1 — t) of the unit interval and is thus ergodic once the appropriate
measure has been defined (see Section‘Pgﬁ.is first folded byr about the point
on £&in such a way that its left endpoint coincides with the fixed right endpoint
(Figure 4). Both halves, being held firmly at their common right end, are then
stretched to the left until each of them covers sinBfj. The subregions of acute
shapesd'®®, A™d and.A"9" delimited inA by the curvesR, C;, and£2° (Figure 2)
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are thus transformed in the following way along the parallel® to4'*"t is mapped
bijectively to.AMid U Afight gmid g Aleft and 419"t to A, giving two acute parents
to every acute shape not lying on the left roof side. According as thte abape

is on the right or left o’y, it is located between its acute parents or on their left,
respectively (Figure 4).

Take a unit circle and draw a horizontal chot@ below the diameter at distance
sin2¢, 0° < ¢ < 15°. The acute shapesy, 3) of the segmenP2® are then
represented by the inscribed trianglé®C for which C' lies between the north
pole and the limit positio);,, wherea = v = 90° — 2. 7 movesC on this arc.

The120 integer-angled shapés. on the roof and2m?°, (45 —m)°) on Q have
integer-angled children. A systematic search shows that there are oniywetter
such casesr(36°,12°) = (48°,18°), 7(42°,12°) = (54°,18°), 7(66°,18°) =
7(72°,24°) = (54°,42°), 7(50°,30°) = 7(60°,40°) = (70°, 30°), 7(70°, 30°) =
7(60°,20°) = I50.. These cases verify the identity

tan(60° — ) tan(60° + ) tan 6 = tan 39

for § = 12°, 18°, 6°, 20°, and10° in order: tan 12° tan 48°/ tan 36° = tan 18°
and so on.

4. Thetransformation as symbolic dynamics

We use symbolic dynamics to give a short and elementary proof of theieityod
of 7 on every segmerfeZ®. We identify P2¢, 0° < ¢ < 15°, with the interval0, 1],
where0 = Igpo_2, and1l = Iy504, are the isosceles endpoints on tight and
left roof sides, respectively (Figure 4). We represent each skla@é?f;c by its
infinite binary address = x1x9x3... giving the position ofs with respect to
the fractal subdivision ofZ® induced by the monotonicity intervals efand its
iterates. Thekth digit of the address i8 or 1 according as™* restricted tonD‘C is
direction-preserving or reversing in a neighborhood of the shapkgddresses of
turning points end in a constant sequenc@sbr 1s). If x is eventually periodic,
we overline the period’s digits. We identify the ertisand10. The childr(s) is
then given by a left shift whem; = 0 and a left shift with permutatio® < 1 in x
whenz; = 1. Note thatr"(z) = xy41... or 7"(x) = (zp41 ... )ow1 according
aszi ...z, contains an even or odd numberisf,

The shape o3 is 1/2 = 01 and the nonisosceles fixed poinRi&3 = 10. The
parents ofr are0x andlxo.1 (these are thacuteparents of the shape). The only
ancestors of) are the addresses ending(iror 1, i.e., integer multiples of some
27",

We prove that the orbit of becomes eventually periodic if and only if the dig-
its of x are eventually periodic. Consider first an eventually periodic sequence
T = x1... 2P Pn. SINCE{PT - Dn, (D1 - Pn)ows1} CONtains bothr*+7(z)
and7%+27(z), one of them ig*(z), whose orbit is thus periodic. Conversely, if
the orbit ofz = 2125 ... is eventually periodic with*(z) = 7++7(z), 7%(x) is a
periodic sequence given by, 1542 ... Of (Tx+1Zk42 - - - )oes1, I.€, the sequence
x is eventually periodic.
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Figure 5. Curveg, of the2-cycles

The only2-cycle is2/5 = 0110 <« 1100 = 4/5. Figure 5 shows the two
curvesC, of these2-cycles inA. When the shapén, 3) of A lies onCa, T%(A)
is inverselysimilar to A, sinceA = ABC and A, BoC, are then equally oriented
with v = 83 > a = as > f = 7 if (o, ) is on the left of 2 andy =
Yo > a = P2 > = asif (e, ) is on the right of£2¢. The two3-cycles are
010 = 2/7 + 100 = 4/7 +— 110 = 6/7 — 010 and00111000 = 2/9 — 4/9 —
8/9 — 2/9. The iterated tent map™, n > 1, has2” fixed points inPgC: since
2" > 2422 ... 4+ 2" L for n > 2, T hasn-cycles (offundamentaperiodn)
in ch for all integersn > 1. It is easy to see that th#" fixed points are the
fractions2k/(2" — 1), 2k/(2™ + 1) in [0, 1] and that forn > 3 such a fixed point
generates an-cycle if and only if it cannot be written with a smaller denominator
2™ £ 1. One can construct addresses with almost any behavior under iteration o
7. We design for example an addresgnsewhose forward orbit is dense iﬁf;‘c:
concatenate successively all binary words of length 3, and so on to an infinite
sequence, and submit if necessary each of them in order to a permuatationin
such a way that the original word appears as head of the correspatetiogndant
of Zdense

The measure of an interval @%2° of kth generationj.e., with an address of
lengthk, is 2~% by definition. 7 is then measure-preserving @@C. By using the
binomial distribution, it is easy to see that almost all shapégjﬁihave anormal
address [9]. An addressis normal if, for every fixed integet > 1, all binary
words ofk digits appear with the same asymptotic frequec§ as heads of the
successiver™(z), n € N. The descendants of a normal address visit thus all
intervals ofkth generation with equal asymptotic frequency, and this for ekery
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the forward orbit of almost every shape Bf° “goes everywhere ifPZ° equally
often”, 7 is an ergodic transformation @fgc.
We conclude by formulating a condensed version of our results.

Theorem 3. Consider the map that transforms a triangle into the triangle of the
tops of its interior perpendicular bisectors.

(1) An acute initial triangle generates a sequence with constant largest angle:
except for the equilateral case, the transformation is then ergodic in shage
amounts to a surjective tent map of the interval. A proper obtuse initial triangle
either becomes acute or degenerates by reaching a right-angled state.

(2) A proper triangle is the transform of exactly one, four or five triangles atco
ing as it is nonacute, equilateral, or acute but not equilateral, respectively
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