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[1] In this paper we review simplified analytical expressions derived by Wait using the
concept of attenuation function for the analysis of the propagation of lightning‐radiated
electromagnetic fields over a mixed propagation path (vertically stratified ground).
Two different formulations proposed by Wait that depend on the relative values of
ground surface impedances are discussed. It is shown that both formulations give nearly
the same results for the time domain electric field. However, depending on the values of
the normalized surface impedance for each ground section, the use of one of the two
formulations is computationally more efficient. The accuracy of the Wait formulations was
examined taking as reference full‐wave simulations obtained using the finite difference
time domain technique. It is shown that Wait’s simplified formulas are able to reproduce
the distant field peak and waveshape with a good accuracy.
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1. Introduction
[2] The study of wave propagation along a vertically

stratified ground goes back to the early works ofMillington
[1949], Kirke [1949], Suda [1954], and Bremmer [1954].
In particular, using an integral equation formulation,
Bremmer [1954] showed that the semiempirical work of
Millington [1949] was valid for a wide range of frequencies
and ground parameters. The recovery effect, namely, the
increase of the wave steepness when it passes from a poor
conducting ground to a high conducting ground, can also
be satisfactorily reproduced by Millington’s approach.

Wait [1956] extended the formulation of Bremmer
[1954] to low and medium frequencies by using the
compensation theorem [e.g., Monteath, 1973] and the
mutual impedances between two vertical dipoles located
above ground. A set of simulation results and related
curves were presented and discussed by Wait and
Householder [1957] and Wait and Walters [1963a].
They showed that the simulation results are in acceptable
agreement with measured data. Further confirmation of
the technique was then given by King et al. [1973], who
reported excellent agreement between the Wait formu-
lation [Wait, 1956] and experimental data obtained from
reduced scale experiments carried out at the frequency of
4.765 GHz.
[3] The main idea behind the Wait’s formulation is the

use of the surface impedance concept which is defined as
the ratio of electric and magnetic fields tangential to the
ground surface [Hill andWait 1980] in the sameway as for
either a homogeneous or a stratified ground [see Wait,
1998].
[4] The application of these studies to the analysis of

lightning electromagnetic field propagation was first
carried out by Cooray and Ming [1994] and Cooray and
Perez [1994]. It was specifically shown by Cooray and
Ming [1994] that when the propagation is over a mixed
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(sea‐land) path whose land portion is less than a few
hundredmeters long, the attenuation of the vertical electric
field is not significant. However, the peak time derivative
of the vertical electric field would suffer significant
attenuation of about 40% in propagating more than a few
tens of meters over the land portion. Such a theoretical
development was also used by Cooray and Ming [1994]
for the interpretation of the experimental data by Willett
et al. [1988, 1990] and Cooray [1986] for a measuring
station that was located a few tens of meters from the sea‐
land interface. Good agreement was found between mea-
sured waveforms and theoretical predictions for vertical
electric fields and their time derivatives. The errors in
predicting peak current and peak current derivative from
peak vertical electric field and peak vertical electric field
derivative were also discussed byCooray andMing [1994].
Such a theoretical analysis was later used by Michishita
et al. [1996] to estimate the ground electrical parameters
from measured horizontal and vertical electric fields radi-
ated by distant lightning.
[5] For the case of a homogenous ground, the accuracy

of approximate formulae has been recently studied by
Cooray [2008, 2005] through comparisons with exact
solutions of the Sommerfeld integrals. Delfino et al. [2007,
2008], using an efficient algorithm for the evaluation of
the exact expressions for both the aboveground and under-
ground fields generated by a lightning discharge, tested the
validity of the Cooray‐Rubinstein formula [Rubinstein,
1996; Cooray, 1992] for the computation of the hori-
zontal electric field of lightning above a homogeneous
ground. More recently, Shoory et al. [2010] studied the
accuracy of simplified formulations for the case of a
horizontally stratified ground, using as a reference results
obtained using the finite difference time domain (FDTD)
technique.
[6] To the best of the authors’ knowledge, the accu-

racy of the simplified analytical expressions for the case
of a mixed path (vertically stratified) ground has been
only studied using a limited number of reduced scale
experiments and in the frequency domain [King et al.,
1973], and no systematic analysis is available in the
literature.
[7] The aim of this paper is to examine the accuracy of

the simplified formulations taking as reference full‐wave
simulations obtained using the FDTD technique.
[8] The paper is organized as follows. In section 2,

two simplified formulations based on the concept of
attenuation function are reviewed and discussed. Time
domain simulations for the far field are presented and
compared to the reference case of a homogeneous ground.
In section 3, the accuracy of the simplified formula-
tions is tested versus full‐wave simulations obtained

using the FDTD technique. Conclusions are given in
section 4.

2. Simplified Approaches for the Lightning
Far Field Above a Vertically Stratified
Ground
2.1. Formulations

[9] Denoting the vertical electric field at ground level
over a perfectly conducting ground at a distance r from
the channel base in the time domain as ezp and in the
frequency domain as Ezp, the expression for the vertical
electric field in the frequency domain, over a vertically
stratified ground as shown in Figure 1 can be written as
[see Cooray, 2003, chapter 7]

Ez;mix ¼ EzpFmix ð1Þ

where Fmix is the attenuation function for a vertically
stratified ground (mixed path). The expression for the
corresponding time domain vertical electric field can be
represented using the convolution integral as

ez;mix ¼
Z t

0

ezp �ð Þ fmix t � �ð Þd� ð2Þ

where fmix is the inverse Fourier transform of the atten-
uation function Fmix. Note that the attenuation function
corresponds to a dipole located at the lower end of the
channel as proposed by Cooray and Ming [1994].
[10] Two different expressions for themixed‐path ground

attenuation function are given by Wait and Householder
[1957], Wait [1961, 1974], and Wait and Walters [1963a,
1963b]

Fmix �ð Þ ¼ F1 �ð Þ �
ffiffiffiffiffiffiffi
�0�

2�

r
D2 �D1½ �

Zdl
0

F1 �� xð ÞF2 xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x �� xð Þp dx

ð3Þ

Fmix �ð Þ ¼ F2 �ð Þ�
ffiffiffiffiffiffiffi
�0�

2�

r
D1�D2½ �

Z��dl

0

F2 �� xð ÞF1 xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x �� xð Þp dx

ð4Þ
where F1(x) and F2(x) are the attenuation functions of each
section of the ground represented as a function of the hor-
izontal distance from the source to the observation point,
defined as follows:

Fn xð Þ ¼ 1� j
ffiffiffiffiffiffiffiffi
�pn

p
e�pnerfc j

ffiffiffiffiffi
pn

p� � ð5Þ
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where

pn xð Þ ¼ �0:5�0xD2
n ð6Þ

in whichDn (n = 1, 2) is the normalized surface impedance
of each ground section defined as [e.g.,Hill andWait, 1980]

Dn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j!"0 �n þ j!"0 "rn � 1ð Þ½ �p

�n þ j!"0"rn
ð7Þ

Hill and Wait [1981] have suggested to use (3) when
∣D2∣ < ∣D1∣, and to use (4) when ∣D2∣ > ∣D1∣. They
have also shown that there are singularities in the integrands
of (3) and (4), and they have provided the necessary steps
to remove them. The results are given below

Fmix �ð Þ ¼ F1 �ð Þ �
ffiffiffiffiffiffiffi
�0�

2�

r
D2 �D1½ �

� 2

ffiffiffi
�

�

s
F1 �ð Þ þ

Zdl
�

F1 �� xð ÞF2 xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x �� xð Þp dx

8<
:

9=
; ð8Þ

Fmix �ð Þ ¼ F2 �ð Þ �
ffiffiffiffiffiffiffi
�0�

2�

r
D1 �D2½ �

� 2

ffiffiffi
�

�

s
F2 �ð Þ þ

Z��dl

�

F2 �� xð ÞF1 xð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x �� xð Þp dx

8<
:

9=
; ð9Þ

where d is a small distance over which one can assume the
attenuation functions to be constant.
[11] Note that throughout this paper, whenever we

encounter square roots of complex quantities, we will
choose the roots on the upper Riemann sheet [see Chew,
1995]. It is also to be emphasized that the simplified for-
mulations above are obtained assuming the stationary
phase approximation or, equivalently, the line‐of‐sight
assumption for wave propagation between the channel
base and the observation point. In this regard, the for-
mulations are valid for either straight or circular boundary
line between the two media in Figure 1.

2.2. Numerical Results

[12] For the time domain simulations, we adopted the
MTLE model [Nucci et al., 1988; Rachidi and Nucci,
1990] with a current decay constant l = 2 km and a
return stroke speed of v = 1.5 × 108 m/s. The channel base
current is that of Rachidi et al. [2001], which corresponds
to a typical subsequent return stroke. The parameters of
each ground layer according to Figure 1 are shown in
Table 1. Time domain simulation results of the vertical
electric field at ground level and at a distance of r =
100 km from the channel base for a mixed path ground
with dl = 25 km and with the electrical parameters shown
in Table 1 are shown in Figures 2a and 2b. The curves
are obtained using the two previously introduced for-
mulations (8) and (9). Figure 2 also includes two curves

Figure 1. Propagation of lightning‐radiated electromagnetic field over a two‐layer vertically stratified
ground.
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of the limiting cases obtained when the ground is homo-
geneous with the parameters of medium 1 and medium 2,
respectively. It is seen that the two formulations predict
almost the same results for the vertical electric field. It can
also be observed that the vertical electric field over a
vertically stratified ground falls in between the two curves
of limiting homogenous ground cases confirming the
conclusions given by Cooray [2003, chapter 7]. Further,
by virtue of the reciprocity theorem, the two formulations
are transparent to the direction of wave propagation from
one medium to the other. In other words, by interchanging
the lightning channel and the observation point, the wave
at the observation point does not change. As mentioned in
section 2.1, it is computationally more efficient in this
case for the curves of Figure 2a to use (8) instead of (9)
and for the curves of Figure 2b to use (9) instead of (8).

3. Test and Validation of the Simplified
Formula
[13] In this section, the reviewed simplified formula-

tions for a vertically stratified ground are validated against
the FDTD simulation technique. The details of the tech-
nique are given by Yee [1966]. The procedure is essentially
the same as that used by Mimouni et al. [2007a, 2007b,
2008] and Shoory et al. [2010]. The simulation domain of
the FDTD technique is shown in Figure 3. The technique

solves the two Maxwell’s curl equations by means of the
so‐called Yee discretization scheme [Yee, 1966]. In this
regard, one needs to solve only for the vertical and hori-
zontal electric fields and the azimuthal magnetic field due
to the axial symmetry of the problem (the axial symmetry
implies a circular boundary between the two media in
Figure 1). The spatial and temporal derivatives are rep-
resented simply using the first‐order finite differences.
More details on the technique are given, for instance, by
Mimouni et al. [2007a, 2007b, 2008].
[14] Two sets of simulations have been performed for

a distance of r = 10 km according to the two different
mixed path arrangements of Table 1. In the FDTD simu-
lations, a value for the time step of 2 ns was considered.
The overall time interval was set to Tmax = 50 ms. This
corresponds to 25,000 time steps.
[15] The spatial discretization interval was chosen to be

2 m. According to Figure 3, the simulation domain was
truncated using the first order Mur absorbing boundary
conditions at rmax = 11 km, zmax = 7.5 km, and zmin = 100m.
Making use of the axial symmtery of the problem (left‐
most boundary coinciding with the z axis), this corre-
sponds to 5500 × 3800 spatial cells. The simulations were
carried out on a 64 bit computational platform having
32 GB of available memory.
[16] Note that a shorter distance of r = 10 km (instead

of r = 100 km in Figure 2) was used in this section due
the lack of computational resources necessary for simu-
lations in the FDTD technique. In fact, with the available
resources, the smallest spatial discretization interval for
r = 100 km satisfying the Courant stability criterion
[Courant et al., 1967] is 20 m, which imposes significant
numerical dispersion on the predicted benchmark wave-
forms. In fact, for the case of propagation along a lossy
half‐space, numerical dispersion might occur because of
the dependence of wave propagation speed on frequency.

Figure 2. Vertical electric field at ground level at a distance of r = 100 km from the channel base
over mixed path ground with dl = 25 km obtained using the two formulations of (8) and (9)
for (a) case 1 and (b) case 2 according to Table 1.

Table 1. Considered Parameters for the Mixed Path Grounda

Case 1 Case 2

s1 (S/m) 0.001 4
"r1 10 30
s2 (S/m) 4 0.001
"r2 30 10

aSee Figure 1.
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Figure 3. Side view of the simulation domain of the FDTD technique used for the validation of
the simplified approaches. We used rmax = 11 km, zmax = 7.5 km, and zmin = 100 m.

Figure 4. Vertical electric field at the surface of a mixed‐path ground at a distance of r = 10 km
for case 1 in Table 1 for (a) dl = 7.5 km, (b) dl = 2.5 km, (c) dl = 0.5 km, and (d) dl = 0.1 km.
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In general, the bigger the spatial discretization interval, the
larger the numerical dispersion. While for an observation
point at r = 10 km the results obtained using a spatial step
of 2 m are free from numerical dispersion, this is not the
case for an observation point at r = 100 km with spatial
step of 20 m. In order to minimize this effect, a finer mesh
should be considered.
[17] Simulation results of a vertical electric field at a

distance of r = 10 km from the channel base at ground
level according to case 1 in Table 1 are shown in Figure 4
for four different values of dl, namely, 7.5, 2.5, 0.5,
and 0.1 km. The same results for case 2 are shown in
Figure 5. It can be seen that Wait’s formulation appears
to be quite accurate in reproducing the vertical electric
field waveforms.
[18] Table 2 presents the values of the field peaks and

zero‐to‐peak risetimes predicted by Wait’s formulation
and by the FDTD method. It can be seen that Wait’s for-
mulation can predict field peaks with an error of less than
4.8% and field risetimes with an error of less than 18.0%.

4. Conclusions
[19] Simplified analytical expressions derived by Wait

using the concept of attenuation function for the analysis
of the propagation of lightning‐radiated electromagnetic

fields over a vertically stratified ground were reviewed.
Two different formulations proposed by Wait that depend
on the relative values of the ground surface impedances
were discussed. Both formulations give nearly the same
results for the time domain electric field. However,
depending on the values of the normalized surface imped-
ance for each ground section, the use of one of the two
formulations is computationally more efficient.

Figure 5. Vertical electric field at the surface of a mixed‐path ground at a distance of r = 10 km
for case 2 in Table 1 for (a) dl = 7.5 km, (b) dl = 2.5 km, (c) dl = 0.5 km, and (d) dl = 0.1 km.

Table 2. Peak and Risetimes of the Vertical Electric Field
Predicted Using Wait’s Formulation and FDTD Simulation

dl
(km)

Peak (V/m) Risetime (ms)

Wait FDTD
Error
(%) Wait FDTD

Error
(%)

Case 1
7.5 33.5 35.2 4.8 1.3 1.1 18
2.5 32.2 33.6 4.2 1.6 1.5 6.3
0.5 31.8 32.8 3.0 1.8 1.7 5.9
0.1 31.6 32.1 1.6 2 1.8 10

Case 2
7.5 32.2 32.7 1.5 1.6 1.6 0.0
2.5 33.6 34.1 1.5 1.3 1.2 8.3
0.5 34.4 35.3 2.5 1.0 0.9 11.1
0.1 34.7 36.2 4.1 0.9 0.8 12.5
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[20] The accuracy of the Wait formulations was exam-
ined taking as reference full‐wave simulations obtained
using the finite difference time domain (FDTD) technique.
It was shown that Wait’s simplified formulas are able to
reproduce the distant field peak and waveshape with a
good accuracy. At a distance of 10 km, the maximum
observed error for the peak electric field was 4.8%. The
maximum error for its zero‐to‐peak risetime was 18%. It
is worth noting that the simplified formulations were
originally developed for the radiation component of the
field and for the case where the interface is far enough
from both the lightning channel and the observation point
for the radiation component to be dominant. More work is
needed to evaluate the accuracy of Wait’s formulations
for observation points located at closer distances to the
lightning channel and/or to the interface.
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