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Abstract

We consider electricity networks where the agents (producers and consumers) are strategic and
possess asymmetric information about the networks’ status. The network model accounts for power
losses, line congestion, and financial transmission rights (FTRs). We propose a mechanism (a set of
rules for energy production and consumption) that takes into account the network model, the agents’
strategic behavior and their informational asymmetries, and has the following properties at all Nash
equilibria of the game induced by it: (i) it is budget balanced (the sum of taxes received by the agents
and the sum of subsidies paid to the agents is equal to zero); (ii) it implements the optimal power
flow (OPF) dispatch (equivalently it implements the social welfare maximizing dispatch); (iii) it is
price efficient (the price received per unit of energy production is equal to the price paid per unit of
energy consumption, and they are both equal to the price corresponding to the OPF dispatch); (iv)
it is individually rational (the strategic agents voluntarily participate in the mechanism). We also
propose a tatonnement-process (an algorithm), based on a best-estimate method, and prove that it
converges to a Nash equilibrium of the game induced by the proposed mechanism. The allocations
(energy production and consumption) resulting at each step of the tatonnement-process are a feasible
solution of the OPF problem.
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1 Introduction

1.1 Background and Motivation

In the past decades, the electricity industry around the world has been moving from a traditional structure
of an electricity network owned by one public utility towards a competitive market structure including
a number of independent strategic agents, i.e., producers and consumers. By this restructuring, the
functional operations of generators, flexible demands and transmission lines have been separated, and
multiple self-interested strategic agents have been created [1]. Even though it appears that free trading
is the objective of restructuring, the presence of an independent system operator (ISO) is necessary, as
she provides certain critical coordinating services for the reliability and the security of the electricity
network [2]. As Hogan pointed out in [3], “the special nature of electricity systems leads to the need for
a seeming contradiction in terms: coordination for competition”.

The efficient design of electricity markets has been discussed in many debates, studies, and experi-
ments. For example, the price spikes of California ISO’s energy market in June 2000 have been analyzed
in [4, 5, 6, 7]. There is a general agreement that the design of the California market had major flaws, and
the lesson learned from the California crisis is that “electricity has unusual physical attributes that make
the design of well-functioning competitive wholesale power markets a significant challenge”, and “market
power problems must be addressed both initially and as evidence about actual market performance and
supplier behavior emerges as the market operates” [7]. However, it is widely debatable whether the reason
behind the California market crisis is the exercised of market power. Nevertheless, numerous models!
have been introduced to study the impact of market power on the social welfare outcome and on the
electricity network’s performance.

The discussions on efficient market design appearing in the literature have not been limited to
the California crisis and the exercise of market power; they have identified and discussed the key is-
sues/difficulties associated with the design of efficient electricity markets. These issues/difficulties are:
(i) the information asymmetries among the market participants and the ISO; (ii) the presence of strategic
producers/consumers that possess market power; and (iii) the presence of complex externalities associ-
ated with the energy flow across a constrained transmission network. We briefly discuss each one of these
difficulties.

(i) One of the key feature of electricity markets are the information asymmetries that exist among
the participating agents and the ISO. The agents, including producers and consumers, have private
information on their production costs, their utilities, their technologies, and their budgets. These asym-
metries results in several challenges for the ISO. One such challenge is the missing money problem, which
discourages investors from investing in the market as they cannot collect back the costs of investment.

(ii) Strategic agents (producers and consumers) who possess market power can manipulate the market

so as to increase their own payoffs at the expense of the social welfare. Market power (gaming) can be

!The most famous model is the supply function equilibrium (SFE) model, based on the work of Klemperer and Meyer

[8]. For information about the SFE and other models see [9]-[10], and references therein.



even exercised by producers who own small capacities in an electricity market. Consider for example, a
part of a network that is isolated due to congestion. Then, a small producer becomes the monopolist in
this part of the network and can exercise market power. Other reasons resulting market power for small
producers are discussed in [11].

(iii) An important and unique feature of electricity networks is the fact that the flows must obey
Kirchhoff’s voltage and current laws. Furthermore, the flows are limited by thermal and stability con-
straints on the transmission lines. These constraints along with Kirchhoff’s voltage and current laws
result in externalities in free trading among producers and consumers. Even when the network’s partic-
ipants are non-strategic as in [12], when the congestion and transmission line limitations are neglected,
bilateral agreements among agents do not result in an optimal dispatch; furthermore, the merchandising
surplus is positive and budget balance is not satisfied.

There has been considerable debate on whether the competitive electricity markets that address the
above difficulties should be organized around “bid-based pools with financial transmission rights (FTRs)”
or “bilateral agreements with tradable physical transmission rights (PTRs)” [13]. Experience indicates
that bilateral agreements among participants in electricity networks are not likely to be successful. In
[3], it has been suggested that the best approach is a spot-pricing bid-based market with voluntary
participation of producers and consumers; moreover, FTRs should be preferred to PTRs. In [13], the
social welfare superiority of FTRs as compared with PTRs has been shown. 2

Understanding and overcoming the above difficulties ((i)-(iii)) provide the motivation for the research
reported in this paper. Our approach to efficient electricity market design is organized around “bid-based
pools with FTRs”, and it is based on mechanism design for local public goods problems (as explained in
Section 2.5).

1.2 Literature Survey

Our approach consists of two components; modeling and market design. Our model takes into account
the lines’ thermal and stability constraints, Kirchhoff’s voltage and current laws, FTRs, and a convex
direct-current (DC) approximation to losses. Thus, it is similar to the models of Miehling et al. and Wu
et al. (see [16, 17] and references therein). There are two key differences between our model and that
of [16, 17]: (i) our model incorporates FTRs (a feature missing from that of [16, 17]); (ii) in our model
the networks’ agents behave strategically, in [16, 17] the agents are non-strategic. Our market design is
based on mechanism design for local public goods. The design of mechanisms for public goods and local
public goods problems has been investigated within the context of economic theory and engineering.
In engineering, public goods and local public goods problems arise in many areas, including wired and

wireless networks, cyber security, energy networks, etc.

2PTRs can be withheld from the market; thus, the effective transmission capacity is reduced and the production inef-
ficiency is consequently induced. It is worth mentioning that the FTRs are basically issued so that the agents can hedge
themselves against the fluctuations of the local market prices [14]. Moreover, the FTRs instrument is supposed to become
the sole source of investors’ revenues for transmission expansion [15]. However in [13], it has been proved that FTRs can

be adopted by strategic agents for speculation purposes.



Within the context of economic theory, Groves and Ledyard [18], Hurwicz [19], Chen [20], Walker
[21], and Kim [22] were among the first to propose mechanisms for public goods and local public goods
problems. In [18], the agents participating in the mechanism are non-strategic, in [19, 20, 21, 22] they are
strategic. The authors of [19, 20, 21, 22] present mechanisms that implement the Lindahl correspondence
in Nash equilibria.

In wired networks, public goods problems arise in multi-rate multicast problems. Stoenescu et al.
[23, 24] present a mechanism that achieves the social optimal allocation when the agents are non-strategic
and have quasi-linear utilities. Kakhbod and Teneketzis [25] consider the multi-rate multicast problem
with strategic agents having quasilinear utilities, and present a mechanism that implements in Nash
equilibria the social welfare function. The mechanism of [25] is budget-balanced and individually rational.

In wireless networks, the interferences among the agents’ signals and the channels’ noise give rise to
public goods or local public goods problems. Sharma and Teneketzis have formulated and solved power
allocation problems in wireless networks both as public goods [26] and local public goods [27] problems.
In [26, 27], they proposed mechanisms that implement the social welfare function in Nash equilibrium.
Kakhbod and Teneketzis [28] investigated spectrum sharing problems in wireless networks. They pro-
posed a mechanism that implements the social welfare function in Nash equilibria. The mechanisms
proposed in [26, 27, 28] are also individually rational and budget-balanced.

Naghizadeh and Liu [29] formulated a cyber security problem as a public goods problem and proposed
a mechanism that implements the social welfare function in Nash equilibria.

In the restructured electricity industry, researchers formulated the optimal power flow (OPF) prob-
lem as a public goods or local public goods problem with strategic/non-strategic agents. The existing
literature can be divided into three categories. The first category consists of studies where the system’s
agents, producers and consumers, are assumed to be non-strategic [12, 16, 17, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40]. All these studies present centralized algorithms, decentralized markets, or public goods
mechanisms/algorithms for the solution of the OPF problem. A detailed survey of these mechanisms
appears in [16, 40]. The second category of problems consists of studies that take an implementation
theory approach, i.e., mechanism design with strategic agents, to the OPF problem. Such studies appear
in [41, 42, 43, 44, 45]. Our paper belongs to this category. The implementation theory approach to the
OPF problem is distinctly different from the third category of the literature where the OPF problem
is formulated as a non-cooperative game among strategic agents. In contrast to the mechanism design
approach (where the game is designed), the non-cooperative games studied in the third category of lit-
erature are given, not designed. A non-cooperative game theoretic approach to the OPF appears in
[8, 9, 10, 46, 47, 48, 49, 50, 51, 52]. The equilibria of these games are studied and analyzed; in general,
the allocations corresponding to these equilibria are not social welfare maximizing.

Since our paper belongs to the second category of the existing literature, we provide a more detailed
description of the results appearing in this category; such a description will allow us to compare the results
of our paper with the existing results on the mechanism design (or implementation theory) approach to
the OPF.



Silva et al. [41] propose a direct revelation mechanism to the OPF. Truthful strategy is a Nash
equilibrium of the non-cooperative game induced by the proposed mechanism; furthermore, individual
rationality is satisfied at that truthful Nash equilibrium. However, the budget balance criterion is not
satisfied at that equilibrium.

Xu and Low [42] design a Vickrey—Clarke-Groves (VCG) mechanism for the wholesale electricity
market problem. The mechanism achieves the social cost minimization at the truth-telling dominant
strategy equilibrium; moreover, it guarantees dominant strategy incentive compatibility and ex-ante
individual rationality. However, the budget balance is not satisfied. Moreover, the transmission network
is approximated by the DC power flow equations.

Sessa et al. [43] also design a VCG mechanism for the electricity market problem considering the non-
convexity of transmission networks’ constraints. They find the conditions under which shill-bidding and
collusion can occur. To resolve this issue, Karaca and Kamgarpour propose a coalition-proof mechanism
in [44].

Rasouli and Teneketzis [45] propose a local public goods mechanism for the OPF that takes into
account the lines’ capacities, Kirchhoff’s voltage and current laws, and a convex DC approximation to
the losses. The mechanism implements the social welfare function in Nash equilibrium, it is individually
rational, budget balanced, and price efficient. However, [45] does not provide any algorithm, a.k.a.,
tatonnement-process, for computing a Nash equilibrium of the non-cooperative game induced by the
proposed mechanism. Furthermore, in contrast to this paper, [45] adopts a simultaneous bilateral agree-
ment approach to market design rather than a bid-based pool structure. Finally, FTRs are not taken
into account.

In this paper, we propose a surrogate optimization-based mechanism that implements in Nash equi-
libria the solution of the OPF problem. The mechanism is organized around “bid-based pools with FTRs”.
We note that in [53], Farhadi et al. have also used a surrogate optimization-based mechanism for resource
allocation and routing in communication networks, thus it is different from the problem of this paper

(since it does not address a local public goods problem).

1.3 Contribution

We propose a surrogate optimization-based mechanism for the OPF problem in electricity markets with
strategic agents. Our model accounts for power losses (convex DC approximation), line congestion, and
FTRs. The proposed mechanism possesses the following properties: (i) it is budget-balanced at the
equilibrium; (ii) it implements in Nash equilibria the social welfare function (the sum of all the strategic
agents’ utilities); (iii) it is price-efficient; (iv) it is individually rational; (v) it has the off-equilibrium
feasibility property; (vi) it has finite message space. Furthermore, we discover an algorithm /tatonnement-
process that satisfies the constraints of our model along with the constraints imposed by the decentral-
ization of information and the agents’ strategic behavior, and converges to a Nash equilibrium of the
non-cooperative game induced by the proposed mechanism.

To the best of our knowledge, a mechanism with the above properties along with the associated



algorithm that guarantees convergence to a socially optimal dispatch for the OPF problem with strategic

agents does not currently exist in the literature.

1.4 Organization

The remainder of this paper is organized as follows. In Section 2, we introduce the model and objectives.
In Section 3, we describe the structure of “bid-based pools with FTRs”. We present the proposed surrogate
optimization-based mechanism in Section 4. We prove the properties of the mechanism in Section 5. We
present the tatonnement-process associated with the proposed mechanism in Section 6. In Section 7, we
extend the result of Sections 4-5 to sparse networks. In Section 8, we evaluate the performance of the
proposed mechanism and algorithm in a case study. We conclude in Section 9. We present the proofs of

all technical results in Appendices A-J.

1.5 Notation

In this section, we present the key notation of the paper. Additional symbols are defined as needed
throughout the text.

Indices

n,n’,n”  Indices of nodes.

s,s' Indices of strategic agents.

Sets

N Set of nodes; N :={1,...,|N|}.

S Set of agents; S := {1,...,|S|}.

Rn Set of nodes which are connected to node n with a transmission line; node n itself is also incl-

uded; Ry, :={1,...,|Rnl|}-
N Set of nodes of generators owned by agent s; NI = {1,..., \NS(E)|}
NP Set of nodes of flexible demands owned by agent s; N .= {1,..., |./\/'S(D)|}.

\I/%E) Set of agents that have generators on node n; \I/%E) ={1,..., |\IJ$1E)|}

o Set of agents that have flexible demands on node n; o) = {1,..., |\II$ZD)\}.

Ag Set of nodes, in which generators and flexible demands of agent s are located or connected;
NEUNPIC Ay Ay ={1,..., A}

D, Set of transmission lines connecting to generators and flexible demands of agent s;
O, = {1,...,|Ds|}.

Qn Set of agents that have generators or flexible demands on node n or neighboring nodes;
v B UrPC Qn Q= {1,120,

Yo Set of agents that have generators or flexible demands connected to transmission line from

node n to n'; Lppr :={1,..., [ Tow |}



&) Production set of agent s at node n; &) = [O,Ens)].

D) Consumption set of agent s at node n; DY = [O,ES)].
M Message set of agent s.

R>o Set of non-negative numbers; R>g := [0, 00).

R<g Set of positive numbers; R+ := (0, 00).

Variables

0, Voltage angle of node n in rad; 0, = 0, — 0,.

Vi Voltage magnitude of node n in per unit.

e%s) Production of agent s at node n in MW, egf) > 0.

de) Consumption of agent s at node n in MW, dgf) > 0.

Up, (dgf)) Utility of agent s from consuming d'¥) at node n in $.

(s)

cn’(en’) Cost of agent s from producing e;;” at node n in $.

ts Payment of agent s in $; if net consumption is positive: t; > 0, and if net production is posit-
ive: tg < 0.

Us Total utility of agent s in $.

W The ISO’s objective in $.

O‘Srz/ Share of agent s from issued financial transmission right of line from node n to n’ in MW.

Fo Real power flow of line from node n to node n’ in MW.

Loy Losses of line between nodes n and n’ in MW.

Vectors

Mg Message of agent s in the mechanism.

m Message profile of all agents; m := (1) ses.

Parameters

O, Must-run demand at node n in MW.

ES) Maximum production of agent s at node n in MW.

ﬁff) Maximum consumption of agent s at node n in MW.

Fo Maximum flow of line from node n to n’ in MW.

B Susceptance of line from node n to n’ in MW/rad.

G Conductance of line from node n to n’ in MW/rad?.



2 Model and Objective

2.1 Power Flow Model

We consider an electricity network with a number of nodes connected by transmission lines. Let N :=
{1,...,n,...,|N|} denotes the set of nodes. The set of nodes connecting to node n € N is denoted by
R,. The transmission line between nodes n and n’ has capacity F,,,,. The capacity F,,  captures both
the thermal constraint and stability constraint requirements for the transmission line between nodes
n and n/. It has an admittance ,/Gfm/ + Bfm/ consisting of conductance G, and susceptance B,
components.

A node n € N has an associated voltage angle denoted by #,,. We assume that the network has
no intermediary and isolated nodes, i.e., nodes without any production or consumption; we relax this
assumption in Section 7. We do not assume the existence of a slack node (i.e., a reference node in the
model) since the optimal dispatch of generators or flexible demands does not depend on the selection of
a slack node, it only depends on the voltage angles differences 0,,,,/ := 0, — 0,r.

We approximate the power flowing through a transmission line by a convex function of the voltage
angles differences. We also use a convex DC approximation to model the losses in transmission lines (see
[12, 16, 17]). The accuracy of this approximation is evaluated in Section 8. To derive the convex DC

approximation, we consider the real power F,,,, flowing from node n to node n’, which is given by
an/(enn/) = Gnn/VnQ — Gt Vi Vi . co8 0y + By Vi Vi sin 0,0, (1)

where V}, is the voltage magnitude of node n. We assume that V,, as equal to 1 per unit for all n € A/, and
the voltage angles differences 6,/ are small enough. Based on these assumptions, sinf,,,, and cos 8,
are equal to 6, and 1 — %.9721”,, respectively. Then, the power F,,, flowing in the line connecting node

n to node n/ and the loss L, along that line are

1
Fop (6nn) = By Onns + §'Gn"/'972m’a (2)

Ly (enn/) ~ Gnn/-HQ (3)

nn's

respectively. 3

2.2 Model’s Information Structure and Key Assumptions

The energy market under consideration consists of independent agents or market participants and an
ISO (she). Let S denote the set of independent agents or market participants. We assume that all agents
are strategic. An agent s € S (he) can have generators or flexible demands at different nodes. A node
can be “dense”, that is, it can be shared by two or more agents. The sets of locations of generators and

flexible demands owned by agent s are denoted by /\/'S(E) and NS(D), respectively. In addition, the sets

3As a consequence of definition of F,, we must have maxg Frw (Onn) > Fpp, because F,, =

min(thermal capacity, maxg , Frn/(0nn’))-



of agents sharing node n, by having generators or flexible demands on that node, are denoted by \I/%E)

and \IJ%D). When agent s produces energy e%s) (respectively, consumes energy dgf)) at node n, he incurs a
cost cgf)(eff)) (respectively, enjoys a utility ugf)(dsf))), where e € €5 and 4§ € DY (5,25) = [O,ES)]
and DY) = [0,528)]).

Let ts denote the monetary payment made by agent s to the ISO; t, is equal to his payment to the
energy market minus his payoff in the FTR market. The payment of agent s to the energy market is due
to his energy consumption and energy production. The total payment ¢s; can be either a positive or a
negative number; if £ > 0, then agent s pays money, whereas t; < 0 implies that agent s receives money.

The total utility of agent s is given by

Us (66 pm (), o) = 3 ) = 3 el —to 2
neN{? neN{®)

Each agent s makes strategic decisions to maximize his own utility function Us. The ISO’s objective
is to maximize the overall utility of consumption minus the total cost of production. Thus, the ISO’s

objective is defined by

W ((ef), eppon (), e ) =D | 2 wll@) = 32 el | (5)

€5 \nen( —ve
We make the following assumptions:

Assumption 1. For every s € §, n € /\féE), the cost function c,(f)(egf)) is continuously differentiable,

strictly convex, and strictly increasing. Moreover, 07(18)(0) =0.

Assumption 2. For everys € S, n € ./\/;(D), the utility function ugf) (dgf)) s continuously differentiable,

strictly concave, and strictly increasing. Moreover, uT(Zs) (0) =0.

Assumption 3. For the network under consideration, for any agent s € S, any feasible profile of
production (egf) € 8725))n6N(E) and consumption (d%s) € Dﬁf))neN(D) satisfying the network constraints
(the network’s topology and the lines’ thermal capacity and stability constraints) and the physical laws

(Kirchhoff ’s voltage and current laws) can be achieved.
Assumption 4 (Agent s’s information). Agent s knows:

- The functions uﬁf) (dgf)),Vn € NS(D) and cgf)(egf)),Vn € ./\/'S(E). These functions are private infor-
mation of agent s.

- The parameters ﬁ,(f),Vn € ./\/;(D) and ES),VTL € NS(E).

- The sets Ay, and ®, along with the parameters G/, Bpp, and F,,, ¥n € (NS(E) U ./\/;(D)),
vn' € R,.



Assumption 5 (ISO’s information). The ISO knows:

- The parameters Gpys, Bun s and Fo,, ¥Yn € N,Yn' € R,,.

The parameter O,,, which denotes the must-run demand at node n in MW (see Section 1.5),Vn € N.
- The parameters ﬁff),Vs € S,Vn € NS(D) and ES),VS €S, Vn € ./\/'S(E).

The sets Ry, WE, w2 Q. and T,,.

Assumption 6. There is at least one agent at each node n € N. Furthermore, an agent can own a

number of generators or flexible demands at different nodes. *

Assumption 7. A line connecting two nodes is shared by more than one agent.

2.3 Objective

Our objective is to design a mechanism (a set of rules) in equilibrium form that determines the interactions
among the ISO and the strategic agents (consumers and producers) through the electricity network. Such
a design must be organized according to “bid-based pools with FTRs”, must take into account the network
constraints (the network’s topology and the lines’ thermal capacity and stability constraints), the physical
laws (Kirchhoff’s voltage and current laws), the model’s information structure (described in Section 2.2),

the agents’ strategic behavior, and must possess the following additional properties:
(P1) Budget balance;

(P2) Implementation of the social welfare function (i.e., the sum of strategic agents’ utilities) in Nash

equilibria;
(P3) Price efficiency;
(P4) Individual rationality;
(P5) Off-equilibrium feasibility;
(P6) Finite message space.

In addition, we aim to determine a tatonnement-process/algorithm that has the following proper-
ties: (i) it converges to a Nash equilibrium of the game induced by the mechanism; (ii) the allocations
(productions and consumptions) resulting at each step of the process are feasible solutions of the OPF

problem.

4We relax Assumption 6 in Section 7.
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2.4 Explanation/Discussion of the Objective

We explain our above objective by first describing what we mean by a “mechanism” and then by de-
scribing the meaning of properties (P1)-(P6). Then, we discuss the suitability of Nash equilibrium as a
solution/equilibrium concept.

A mechanism (M, h) consists of two components.

(i) A message space M =[], g M, that is, a communication alphabet through which the strategic
agents send information to the ISO. My, s € S, is the message space/communication alphabet of

agent s.

(ii) An outcome function h : M — £ x D x RIS, £ = [Lscs HnENS(E) &(LS), D = [],es HneNS(D) DS),

SN P C) (s) : S 7
h(m) = ((en )nGNS(E>’ (dn, )nGNS(D)’tS) s that determines, for each message m = (1) the

power production (65{9))56 S.mepB)> Power consumption (dgf)

tives (ts)SES’
between the agents and the ISO terminates.

seS»
) oe SmeND) along with monetary incen-
that are taxes or subsidies provided to the agents after the message exchange process

A mechanism induces a game among the agents. We consider Nash equilibrium as the solution
concept of this game. At the end of this section, we discuss why Nash equilibrium is an appropriate
solution concept.

We now explain the meaning of properties (P1)-(P6) stated above. Property (P1) implies that at
equilibrium the mechanism is implementable without any monetary transfers to or from the ISO. That
is, at equilibrium, the mechanism does not result in any money surplus or money deficit for the ISO.
As a result of property (P1) at all Nash equilibria of the game induced by the mechanism the ISO’s
objective is equal to the social welfare function. Property (P2) means that the allocations (productions,
consumptions) corresponding to all Nash equilibria of the game induced by the mechanism maximize
the social welfare function, that is the sum of the consumers’ utilities minus the sum of the producers’
costs. Property (P3) implies that the price Pff)(rﬁ*) agent s at node n is paid (or pays) per unit
of power produced (respectively, consumed) at any Nash equilibrium m* € M of the game induced
by the mechanism is equal to the sum of his marginal cost of production (respectively, his marginal
utility of consumption), the saturation price for his limited production capacity (respectively, his limited
consumption capacity), the congestion price of the lines to which he is connected, and the marginal
loss price of the lines to which he is connected. Since the agents are strategic, they are interested
only in maximizing their utilities (due to their own consumptions) or minimizing their costs (due to
their own productions). Therefore, after examining the mechanism (announced by the ISO), they do
not necessarily have to participate in the production/consumption process. Property (P4) implies that,
after examining the mechanism, each strategic agent (producer or consumer) voluntarily participates in
the energy production/consumption process. Property (P5) ensures that the allocations (productions
and consumptions) corresponding to any message m € M are a feasible solution of the OPF problem.
Property (P6) implies that the complexity of the mechanism and the data communication requirements

are not high.
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A mechanism in equilibrium form does not specify how the Nash equilibria of the game induced by it
are determined/computed. For this reason, we need a tatonnement-process/algorithm that determines
the above mentioned Nash equilibria. In practice, any tatonnement-process stops after a finite number of
iterations. For this reason, we require that the allocations (productions and consumptions) corresponding
to each step of the process should be a feasible solution of the OPF problem (ISO’s problem).

Nash equilibrium is the solution/equilibrium concept used in most studies of electricity networks with
strategic agents (see [54, 55, 56, 45] and references therein). References [54, 55, 56] consider electricity
markets with strategic agents and symmetric information and argue why symmetric information is a
reasonable assumption. Reference [45] considers electricity markets with asymmetric information. In this
work, we assume that the agents have asymmetric information; even if the agents monitor each others’
technology and capacity they do not know each others’ utilities/valuations, thus the game induced by
the mechanism is one of asymmetric information where the environment is non-Bayesian. For both of
the above information-structures, Nash equilibrium is an appropriate solution concept for the following
reason. According to Nash, [57], Nash equilibrium can be interpreted in two ways: (i) as the solution
concept/outcome of a game of complete/symmetric information where all agents are rational; (ii) as
the result of a game of asymmetric information where strategic agents are involved in an unspecified
message exchange process in which they grope their way to a stationary message and in which the Nash
equilibrium is a necessary condition for stationarity. This is the so-called “mass-action” interpretation
of Nash equilibrium (see also [58], page 644). In this paper, we adopt the second interpretation of Nash

equilibrium.

2.5 Nature of Our Problem

In electricity networks, the action (energy production, energy consumption) an agent takes at a network
node influences directly, due to the network interconnection among agents and the physical laws of power
flow, the actions and utilities of agents at that node and the nodes in his immediate neighborhood.
Therefore, the network interconnection among agents results in both negative (dispatch in the same
direction) and positive (dispatch in the opposite direction) externalities. Furthermore, according to the
network’s information structure (Section 2.2), each agent knows the network topology and the presence
of other agents only in his immediate neighborhood. Consequently, the design of electricity markets is a
local public goods problem.

Before we present the mechanism that achieves our objective, we formulate the centralized OPF
problem that determines the globally optimal dispatch for the model of Section 2, and define the market

of FTRs and its interaction with the real-time energy market in a bid-based pool structure.
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3 Structure of Bid-based Pools with FTRs

3.1 The Centralized OPF Problem

The centralized OPF problem the ISO would solve in a monopolistic setup if she knew the agents’ utilities

and costs functions (their private information) is given below,

maxW=3 [ > u@) - D ) (OPF)

$€5 \nen ” neN{®)
subject to:
—On+ Y = > dY > <Bm/.9m/ + ;.Gm,.egn,> : vneN,  (6)
sew') sewP) 7 ERR
0<e® <EY, VseS,Yne NE, (1)
0<d® <D, VseS,Vne NP, (8)
Bont Opny + %.Gm,.efm, < Fo, Vn € N,Vn' € Ry, (9)
L N I Vn e N,vn' € R,, (10)
where E = ((628))363,11@\/8(’5)’ (), e men® <9nn’)n€N,n’€Rn>~

The objective of (OPF) represents the ISO’s objective function, the sum of the consumers’ utility
functions minus the sum of the producers’ cost functions. Constraint (6) describes the power flow at each
network node. Constraints (7) and (8) reflect the fact that each generator or flexible demand has bounds
on the amounts of power they are able to produce or consume. The power flow at each transmission line
of the electricity network is limited by (9). Constraint (9) is also a stability constraint on the voltage
angle differences 6, between nodes n and n’ (n € N',n’ € R,). Specifically, the power flow in the line
connecting node n € N to node n’ € R,, is a convex function of 6,,,/; given the line’s capacity F,/, (9)
determines the limits of 6,,,,. Constraint (10) is a consistency condition for voltage angle differences.

Because of Assumptions 1 and 2 and constraints (6)-(10), the above problem (OPF) is a strictly

concave optimization problem with a convex domain and has a unique solution.

3.2 The FTRs Market

The FTRs market operates separately from the energy market in the following way.

Shares of FTRs are first issued for every line/link in the network by the ISO. The total amount of
FTRs shares for link nn’ is equal to F,,, the link’s capacity. After the FTRs are issued by the ISO,
they are allocated among the agents according to some auction mechanism that is independent of the
mechanism that determines production and consumption in the electricity market. Furthermore, there is

a secondary market where agents can bilaterally trade their FTRs. Examples of mechanisms determining
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allocations of FTRs can be found in [59, 14, 60]. An example of a secondary market for FTRs trading
can be found in [61].

As aresult of the FTRs auction mechanisms and secondary markets, a strategic agent s owns 0452, MW
shares of FTR in the transmission line from node n to node n’, where 0422, €10, Fpp] and Y s afg, =
F,, for all transmission lines of the electricity network.

The owner of FTRs can be either a strategic producer or a strategic consumer or someone who is
neither a producer nor a consumer. In “bid-based pools with FTRs”, owners of FTRs use them for hedging
and speculation purposes. Without any loss of generality, in this paper we will assume that owners of
FTRs are either strategic producers or strategic consumers. This assumption simplifies the notation in
our subsequent analysis.

The electricity market mechanism determines energy production, energy consumption along with
prices and payments for energy production, energy consumption, and FTRs (such a mechanism appears
in Section 4). The interaction of the market of FTRs with the real-time energy market is shown in Figure
1 below.

Real-time Energy Market

NZ

ANl FTR Al FTR and
¢’| auction | Energy

FTR Settlement
issuance W

R\ FTR secondary | \\|
7l market [

Figure 1: Interaction between FTRs and energy markets.

After energy production and consumption along with prices for production, consumption, and FTRs

are determined, the owner s of FTRs at a certain line, say the line nn’ connecting node n to node n’,

(s)

receives a payment that depends on the price per unit of FTRs in line nn/, the amount «,

, agent s

owns in line nn’, the losses in line nn’, and the congestion in line nn’ (see Sections 4 and 5).

4 Proposed Surrogate Optimization-based Mechanism

In this section, we propose a surrogate optimization-based mechanism that achieves the objective stated
in Section 2.3. The mechanism is organized according to the structure of “bid-based pools with FTRs”.

In the proposed surrogate optimization-based mechanism, first of all, the ISO selects and announces
two surrogate functions that replace the actual cost and utility functions. The surrogate functions are
FE) (y) : Rsp — Rsg and fP)(y) : Rsg — Rsq, where Rsq := [0, 00).
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Assumption 8. The function f&) (y) is strictly convex, strictly increasing, and continuously differen-
tiable. Moreover, f(F)(0) = 0.

Assumption 9. The function fP) (y) is strictly concave, strictly increasing, and continuously differen-

tiable. Moreover, f(D)(O) — 0 and 8];(;> 0 <.
’y:

As stated in Section 2.4, a mechanism consists of a message space M and an outcome function h
that are defined below.

4.1 Message Space

The message vector m of an agent s who owns a number of generators and flexible demands at different

nodes is:
My = (wSaﬁsaﬁs’is)7 (11)
where

e i, is the message vector of agent s in My C where

R>0 = (0, OO),

3. A8 =2 VB =2 VD) IV | vEP))|
(Rzo ) x (RS );

(s)

where wy;’ € Ry is the weight factor of a generator at node n € ./\/;(E). The

neN{?
surrogate function w x &) (egf)) is formed to use instead of ¢’ (e%s)).

° Wy == (w,(f))

o U, = (vgs))neNs(m, where vff) € R+ is the weight factor of a flexible demand at node n € ./\/S(D).

The surrogate function ot % P )(dgf)) is formed to use instead of qu)(dS)).

)

e, = (pgf,))n/e A,, Where pS € R>q is the price proposed by agent s for node n in his neighborhood.

—

o (s = (q’,(j)n,,)(n/,n//)eq)s, where ‘17(531“ € R>g is the FTR price proposed by agent s for transmission

line n’n” in his neighborhood.

It is worth noting that, as |®s] = 2 x |As| — 2 X \NS(E)\ —2x |/\/'5(D)|, the dimensionality of message
space of agent s is 3 x |Ag].
In this study, the vector of messages of all agents is shown with bold letter and it is denoted by

m = (W, V,p,q).

4.2 Outcome Function

The outcome function consists of two components, an allocation rule and a payment rule. We present

each component separately.

15



4.2.1 Allocation Rule

After receiving the agents’ messages m = (mMgs)ses, the ISO forms the surrogate function W' :=
Y oses (ZneN(D) o) (D) (dgf)) = DN ® wﬁf).f(E)(egf))> (that replaces W in (OPF)) and solves an

optimization problem described by

max W' = Z Z o) P (qs)y — Z w') ) (o)) (Surrogate)
B s€5 \nen P neN{®)
subject to:
1

—On+ Y = > dP > <Bnn/.0m/ + 2.Gm/.egn,> : Vn € N, (12)

sewl?) sew(?) " ERn
0<el® <EY, Vs € S,¥n € N(B), (13)
0<d® <D, Vs € S,Vn € NP, (14)

1 _
Bt Oy + i.Gm/.Hﬁn, < For,s Vn € N,V¥n' € R, (15)
Opny + Oy = 0, Vn € N, vn' € Rn, (16)
1
(s) _ () _ . _ = 2

S S = > daY -0, 5 D G | 20. (17)
nEN SE\I/'SLE) SE\I/,ELD) n’eRn

Because of Assumptions 8 and 9 and constraints (12)-(17), the above problem (Surrogate) is a

strictly concave optimization problem with a convex domain, thus it has a unique solution which we

denote by

e (m) = ) (%, 9), Vs €S, ¥n e NP, (18)
9 (1m) = d) (%, 9), vs €S v e NP, (19)
Oy (111) = Oy (W, V), Vn e N,Vn' € R, (20)
An (1) = A, (W, ¥), Vn €N, (21)
L (M) = [l (W, V), Vn € N,Vn' € Ry, (22)
~ ~ 2

Lnn’( _») = Gnn' <9nn’ (V_‘;7 ‘_;)) s Vn € N’ vn' € R”’ (23)
Are (m) = S‘ref(v_‘}v‘_;)’ (24)

where ;\n(xi/', V), fpn (W, V), and Mre #(W, V) denote the centroid of the set of Lagrange multipliers associ-
ated with the constraints (12), (16), and (17), respectively, and Ly, (W, V) is the loss in line connecting

node n to node n'.

Based on this solution, the ISO allocates a production of éﬁf) (m) units of energy to agent s at node

n, and a consumption of ch(f)(ﬁ’l) units of energy to agent s at node n, s € S, n € N.
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4.2.2 Payment Rule

The payment function of the proposed mechanism consists of two components: energy and FTR pay-
ments. It is given by (25)-(27) below,

L) = Y PYE)AYm) - Y PPG)EPm -~ Y Qb(@).al,

nENS(D) nENs(E> n'eNn"eR,,
~ ~ 2
e R (W) Lo (W, ¥

T Z <p£zs’) — A (W, V) — )‘TEf(va)> * (q'fizl” — fnrn (W, V) — e 2;—' e )> 7

n'€Ag (n’,n”)e<1>5 Lo
(25)

Z req) {}prgf/)
P (p) = = 26
{0(p) = o (20)
Z ! I — q ’, "

Qf‘izﬁ,” (q) = S e’rn n {8} nmn , (27)

(‘Tn’n”’ - 1)

The first, second, and fourth terms on the right hand side (RHS) of (25) represent payments due to
energy production and consumption. The third and fifth terms on the RHS of (25) represent FTR
payments.

We now proceed to interpret the various components of the proposed mechanism.

4.3 Interpretation of the Mechanism
4.3.1 Interpretation of the Message Space

In the proposed mechanism, a typical message of all the agents consist of two parts; weight factors (W, V)
and prices (P, q).

The weight factors (W, V) represent the agents’ bids for energy production and consumption. Note
that agents announce finite-dimensional vectors instead of utilities and cost functions (that belong to an
infinite dimensional message space). Thus, the mechanism’s space, the space where a typical message
m belongs, is finite-dimensional, in contrast to direct revelation mechanisms (such as VCG), which have
infinite dimensional message spaces. As shown in Section 5.3, when the proposed mechanism implements
the ISO’s objective function in Nash equilibrium, the following equations (28)-(29) are satisfied at all

et Sg 3

Nash equilibria m* = (W*, V*, p*, @*) of the game induced by it.

(s) (E)
ac?s) _ w(s))*'af 7 Vs € S,¥n e NF), (28)
Oep, () dy y=(el)*
(s) (D)
= (v£f>>*-8‘f; : Vs € S, vn e NP, (29)
Od” | (4o)y- Y lym @)y
where <(e$f))*>ses,ne/\/f) and ((ng))*>SES,TL€NS(D) are the unique optimal solution of problem (OPF).
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Thus, the only information revealed by the agents is their marginal costs and their marginal utilities at
the Nash equilibria of the game induced by the mechanism.

Each agent s announces prices (ps, ¢s) for energy and FTRs not only for his nodes and the transmission
lines connected to them but also for his neighboring nodes. This happens because each agent is dealing

with a local public goods problem (see discussion in Section 2.5).

4.3.2 Interpretation of the ISO’s Surrogate Optimization Problem

In the ISO’s optimization problem (Surrogate), constraint (17) is implied by (12). Nevertheless, we
include (17) in the ISO’s optimization problem because in this way we introduce the reference energy
price (REP) j\ref(v_s},\_f'), which is used to calculate FTR prices; Ay #(W,V) is also a component of the
locational marginal prices (LMPs) Ape (W, V) + A (W, ¥), n € N.

The concept of nodal spot pricing was introduced by Schweppe et al. [62]. Under nodal pricing, the
LMP is generally composed of three components: the REP, the marginal congestion component (MCC),
and the marginal loss component (MLC). It has been proven, using the envelope theorem [63], that the
LMP at node n € N is equal to S\Tef(v_\'r,V) + A (W, ¥), n € N. Therefore, \,(W, V) represents the sum
of MCC and MLC of price at node n € N. The design of nodal pricing explicitly acknowledges that the
location of a generator or flexible demand should reflect the marginal price the generator receives or the
demand pays; all generators (respectively, flexible demands) in node n € NV must be paid (respectively,
pay) the same marginal price. As noted in Section 2.1, the slack node, also known as reference node, is
not predetermined. This does not contradict the determination of S\Te #(w, V) for the following reason.
The REP ). #(W, V) is equal to the Lagrange multiplier associated with constraint (17), which describes
the power balance in the network (i.e., the difference between production and consumption is equal to
the losses), and can be determined without selecting any specific node as the slack node in the electricity

network.

4.3.3 Interpretation of the Payment Rule

The price a producer (respectively, a consumer) at node n gets paid per unit of energy of he produces
(respectively, pays per unit of energy he consumes) does not depend on his message (cf. (26)). Similarly,
the price per unit of FTRs agent s receives in the line connecting node n’ to node n” does not depend
on his message/proposal (cf. (27)). Such a pricing/payment scheme/rule induces price-taking behavior
among the strategic agents.

The term Zn’EAS <p£f,) — ;\n' (W, V) — ;\ref(v?/,\_f')>2 incentivizes agent, s € S, to bid at any node 7/,
where his generators and flexible demands are located, a price pfj}) per unit of energy that is equal to
the LMP at node n/. At equilibrium, this term is equal to zero (see Section 5). Thus, at equilibrium
each producer (respectively, consumer) at node n’ gets paid per unit of production (respectively, pays
per unit of consumption) the LMP at node n’.

. (s) A o o Aref (W, ¥). L, (W,9)
Consider the term Z(n’,n”)eés (qn,n,, — Lot (W, V) — oF

2
) in the payment function
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(25). The term fi,,,,» (W, V) represents the congestion shadow prices for line n'n”; the term Aref (W:9). Ly (W.9)

2'anl
represents  the  price  for losses in  line  n/n”. Therefore, the  term
S w2
(s) A [ Aref(W,V).L, 1 (W,V) . .. T 'y
Z(n,,n”)@ps (qn,n,, — [ (W, V) — 2-77”; incentivizes agent s, who owns FTRs in line n'n",

)

n

to bid a price qu » that is equal to congestion shadow price and losses price for line n'n”. At equilibrium,

this term is equal to zero (see Section 5).
S e e oy 2
The fact that the terms > ./ e, (qr(jzl,/ — [l (W, V) — Ares(W,9). Ly (w,v))

2.F and

onn

~ ~ 2
, D) — A (W, V) — Aper(W, V) ) are zero at any Nash equilibrium m*:= (wW*, v*, p*, @*) of the
WeA. 7(18) A o o A ; - o Nash libri - s ok ok ok f th

game induced by the proposed mechanism along with (26) and (27), establish that at any Nash equilib-

rium m* the payment of agent s is given by

) = 0 (M) + Ay (7,99)) D) = S (AW, + Ay (W, ) 60 (1)

neN?) neN{®
Aref (W, V). Ly (W, ) (s)
_ D (W) 4 e o F ) min ’ al 30
S & @

Thus, at equilibrium the price per unit of energy at node n’ is equal to the LMP at node n’, and the

price per unit of FTRs in line n'n”

for losses in line n'n”.

is equal to the congestion shadow price for line n'n” plus the price

Remark 1. We note that the message space of our mechanism has a higher dimension than the mech-
anism proposed in [4,5]. The mechanism of [}5] has the minimum dimension message space among all
mechanisms in equilibrium form. However, as pointed out in [6/, 65, 60], there is no tatonnement-process
with a message space that has the minimum dimension of a mechanism in equilibrium form. Our choice
of message space allows us to discover a tatonnement-process which, under certain conditions, converges

to one of the Nash equilibria of the game induced by our mechanism (see Section 6).

5 Properties of Proposed Surrogate Optimization-based Mechanism

In this section, we prove that the proposed surrogate optimization-based mechanism possesses properties
(P1)-(P6). By its definition, the mechanism has finite message space. Thus, property (P6) is satisfied.
We establish the remaining properties.

5.1 Preliminary Results

Lemma 5.1. Consider agent s and a fized message mi_s of all agents other than s; then there exists

a message Mg for agent s such that any admissible production vector (égf))ner) and any admissible

consumption vector (J%S))nex\/(m are possible to achieve by the allocation rule (18)-(19).

The proof of this Lemma is presented in Appendix B.
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Lemma 5.2 (Nash equilibrium existence). The set of Nash equilibria of the game induced by the proposed

mechanism is non-empty.

The proof of this Lemma is presented in Appendix C.
Lemma 5.3. Let m* := (W*,V*, p*, ") be a Nash equilibrium of the game induced by the proposed mecha-
nism. Then, for any agent s, the price proposal vectors py = ((pfj))*) A and ¢t = ((qs)n,,

n'€Ag

")
(n',n")eds
are

()" = PE(B*) = A (W5, ¥7) + Apos (W, ¥%), VseS,vn' €A, (31

, VseS8 V' n")eds (32)

(05" = QY (@) = fimrmr (W7, ) +

The proof of this Lemma is given in Appendix D.

As pointed earlier, the proposed mechanism induces price-taking behavior by strategic agents as each
agent pays (or receives) the average of prices proposed by other agents. At a Nash equilibrium, the
energy prices for agents are all the same as indicated in (31). At a Nash equilibrium, the same property
for prices of FTRs is established by (32).

5.2 Budget Balance at Nash Equilibria

The budget balance property is established through Theorem 1.

Theorem 1 (Budget balance at Nash equilibria). Consider any Nash equilibrium m* of the game induced

by the proposed mechanism. Then, the proposed mechanism is budget-balanced at m*.

The proof of Theorem 1 is presented in Appendix E.

5.3 Implementation in Nash Equilibria

Theorem 2 (Implementation in Nash equilibria). The allocations corresponding to all Nash equilibria

of the game induced by the proposed mechanism mazximize the social welfare function.

The proof of Theorem 2 appears in Appendix F.
We note that (S\n(\i}*, V*)) N captures the capacity constraints and losses of the transmission lines.
ne

Ak

(s)( - 4 and consumption vector (cz,(f)(m

Thus, production vector (én m*) at any

sES,n€N§E) ))SES,n€N§D)

Nash equilibrium m* are selected so that the capacities and losses of transmission lines are taken into

the account.

Remark 2. There are many Nash equilibrium messages m* = (W*,v*, p*,q*). For a fized set of La-

grange multipliers that are a solution of problem (Surrogate), and under the condition that Xn(v_\'r*, V),

it g

Loy (W*, V), and 5\Tef (W*,Vv*) are defined by the centroid of the set of Lagrange multipliers, distinct equi-

librium messages differ only in the first two components w* and v*. For each equilibrium, there is unique
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allocation (é(s) m* ) and (d(s) m* ) and corresponding prices 5 and &*. Further
" ( ) seSneN?) " ( ) seSneNP) D gp p q
) (™

more, for any two different equilibria m’" and m* we have (én (m’ ))8€Sm€N§E) = (égﬁ(ﬁ*))

CZ(S) Iﬁ/* ) _ (CZ(S) m* )
( n (m’) s€SneN P n () s€SneNP
sumptions, each Nash equilibrium uniquely defined a corresponding total utility for each strategic agent.

sGS,nE/\/'S(E)’
— %k = — % .
» ' =P and ' = q". Therefore, under the above as-

Remark 3. In problem (Surrogate), the set of Lagrange multipliers is not uniquely defined. Therefore,
for different sets of Lagrange multipliers that are part of the solution of problem (Surrogate) we have
different equilibrium price vectors p* and q* (the equilibrium allocation remains the same). As a result,
we may have different total utilities for the agents, and different distribution of the social welfare among

agents.

Remark 4. In our problem formulation, we did not take into account the agents’ initial endowments.
If we consider initial endowments s, s € S, such that ) _s1s = @/A), that is if we assume that agent s’s
total utility is Us (.) = ZneNs(D) u,(f)(d%s)) - ZneNS(E) c%s)(eq(f)) —ts+ s, then for any fized vector (1s)ses
of endowments our proposed mechanism yields one Pareto optimal level of total utilities (Uy)ses. By
varying the agents’ initial endowments (without changing their total sum 1[1 ) we can achieve, based on

the second welfare theorem [, all points in the Pareto frontier.

5.4 Price Efficiency

Price efficiency is established through Theorem 3.

Theorem 3 (Price efficiency). At any Nash equilibrium m* of the game induced by the proposed mecha-
nism, the price that agent s at node n receives per unit of energy production is equal to the price that he
pays per unit of energy consumption. This price is equal to Xref(v_\}*, V) +5\n(v_\}*, V), where j\ref (W*, v*)
is the REP and 5\n(v_&7*,\7’*) represents the sum of MCC and MLC of price at node n. Moreover, this
price is equal to the price the participants (producers or consumers) would pay or get paid in the situation

where the ISO has centralized information and solves the problem (OPF).

The proof of Theorem 3 appears in Appendix G.

5.5 Individual Rationality

We can have different definitions for individual rationality property. As stated in [41], a mechanism is
said to be individually rational “if no participant would lose profit at the equilibrium”. This condition is
needed because participants have an outside option to quit and not participate in the game induced by
the mechanism. In this case their profit, termed “reservation utility”, is equal to zero. This definition of
individual rationality is provided for excludable public goods.

As stated in [29] for non-excludable public goods, a mechanism is individually rational if the net
reward/gain of any agent at any equilibrium of the game induced by the mechanism is greater than the

net reward he receives when he unilaterally opts out of the game but still benefits from the public goods.
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In what follows, we first establish individual rationality for excludable public goods (Theorem 4
below). Then, we discuss how individual rationality can be established for non-excludable public goods
(Theorem 5 below).

5.5.1 Individual Rationality for Excludable Public Goods

The authors of [41, 46] claim that the electricity market problem is a public goods problem with excludable
public goods. A producer or a consumer can turn off his generators or flexible demands and get zero
profit. This claim is correct when we assume that this option (turning off the generator or flexible
demand) is feasible. By considering such an assumption, we can adopt the first definition of individual
rationality when the reservation utility is zero.

If turning off is not a feasible option, then an agent, say agent s, has to provide a minimum amount

(s")

of power (gn > N from his generators, as there is fixed consumption O,, in (12) and (17). 5 The

ne o
()¢ ,(s)

production of (g,(fl)) costs ¢, '(en, ’),Vn € N, S(,E). Moreover, agent s’ can turn off his demand

ne./\/'g,E)

and make (gf,(f,)> N equal to zero. In this case, a feasible solution for the optimization problem
ne

NP
(Surrogate) exists as (12) and (17) are satisfied. Furthermore, since agent s’ does not participate in
the mechanism he incurs a negative profit (the cost ZneNS( £) cﬁf )( 27(15 )))

From the above discussion we conclude that individual rationality for excludable public goods can be
established if we prove that at every Nash equilibrium the profit of a participating agent is non-negative.

We prove the following result.

Theorem 4 (Individual rationality for excludable public goods). The proposed mechanism is individually
rational for excludable public goods. That is, at each Nash equilibrium of the game induced by the

mechanism, each agent’s profit is non-negative, i.e., it is greater than his reservation utility.

The proof of this theorem is presented in Appendix H.

5.5.2 Individual Rationality for Non-Excludable Public Goods

We consider the definition of individual rationality for non-excludable public goods ([29]) and proceed
as follows. Generators can sell their capacity to other markets, e.g., a reserve market, with a fixed price
M. Note that in this case they do not incur any production cost. Flexible demands can also opt out and
participate in demand response markets. They sell their capacity amounts of their flexible demands with

fixed price \’. However, they do not gain any utility as they do not consume anything. Therefore, the

5In this case, Assumption 3 is not satisfied and is replaced by the following Assumption 3’: For the network un-

der consideration, for any agent s’ € S, any feasible profile of production (el € [QS/),ES ) ])ne () and consumption

(d%s’) S D,(f/))nE N2 satisfying the network constraints (the network’s topology and the lines’ thermal capacity and stabil-
gl

ity constraints) and the physical laws (Kirchhofl’s voltage and current laws) can be achieved.
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individual rationality constraint for a producer and a consumer becomes
(in(vv*, V) + e (W7 v*)) £ () — ) <é§f)(rﬁ*)> > NeWm), VseS,VneNE), (33)
ul® (J;S>(rﬁ*)) - (Xn(vv*, V) + Ao (W v*)) A9 (@) > N.dD(m), VseS,VneND. (34

Based on the above discussion, we can modify the cost and utility functions of generators and flexible

demands, respectively, as in (35)-(36) below,

() (e))ert) .= () (e(5)) 4 N el9) Vs € S,¥n e NB), (35)
(uns) (dgls)))(emt) — u%s) (dns)) _ /\//'dq(ls)’ Vs € S,Vn € /\/'S(D)_ (36)

The first and second terms on the RHS of (35) are the operational cost of production and the
opportunity cost, respectively. The first and second terms on the RHS of (36) are the total utility
and the opportunity cost of consumption, respectively. It is worth mentioning that (cﬁf)(eﬁf)))@“) and
(uq(f)(dgf)))(ext) remain strictly convex and concave, respectively. However, A’ must be properly selected
so that (u,(f)(dﬁf)))@xt) is strictly increasing, vdy) e DY ((c,(f)(eﬁf)))(ext) is increasing for all A" € R>g).
Then, Assumptions 1 and 2 will be satisfied. To have (ugf) (dﬁf)))@wt) strictly increasing, \” must be

(s) N
selected less than g:;?s) . for any feasible dgf) ,Vs eS8, Vn € ./\/S(D).
n ldy

By considering (35)-(36) for the cost and utility functions, respectively, individual rationality for

non-excludable public goods can be established if we prove that at every Nash equilibrium, the profit of

each participating agent is non-negative. We prove the following result.

Theorem 5 (Individual rationality for non-excludable public goods). The proposed mechanism for non-
excludable public goods is individually rational. That is, at each Nash equilibrium of the game induced
by the mechanism, each agent’s profit is greater than his reservation utility, i.e., the profits he gets from

other markets.

With the choice of \” indicated above, the proof of Theorem 5 can be established by the same
argument as Theorem 4. Furthermore, other properties such as budget balance, implementation in Nash
equilibria, and price efficiency can be established, by arguments similar to those used in Theorems 1-3,
when the cost and utility functions are given by (35) and (36), respectively, and A" is chosen as indicated

above.

5.6 Off-Equilibrium Feasibility

Theorem 6. For any message m == (W, V, P, q), the allocation resulting from the solution of the problem
(Surrogate) is a feasible solution of the problem (OPF).

The proof of this theorem is straightforward. Any allocation resulting from the solution of the problem
(Surrogate), for any message m := (w, V, p, q), satisfies constraints (12)-(17). Note that constraint (17)
is redundant, as it can be derived by the sum of constraints (12) for all n € N'. Then, constraints (12)-(16)
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are equivalent to the constraints (6)-(10). Therefore, for any message m := (w, v, p, q), the allocation of
the proposed mechanism is a feasible solution of the problem (OPF).
This importance of an off-equilibrium feasibility property is discussed in Section 6. Note that off-

equilibrium feasibility is not established in the mechanisms proposed in [19], [67].

6 A Best-Estimate Algorithm/Tatonnement-Process

A tatonnement-process is defined by an update rule, (0) : [[,c5 Ms — [[,c5 Ms, that specifies a new
message m € [[,.g M, for every previously announced message m € [, s M. A fixed point of (§) (if it
exists) is the equilibrium message profile. In this section, we present a best-estimate tatonnement-process
and prove that it converges to a Nash equilibrium of the game induced by the mechanism presented in
Section 4. The tatonnement-process works as follows: At iteration 7, the ISO solves the optimization
problem (Surrogate) and communicates to each strategic agent, s, the solution of the problem along
with all Lagrange multipliers associated with the nodes in A; and transmission lines in ®;. Then, the

update at iteration 7 + 1 is performed by each agent, s, according to (37)-(40) below,

8c$f>
aegls) é(s) T
()T +) — af(E)<—>” Vs € S,¥n € N, (37)
W ly=@eHm
8u£f)
Dl ad) |4y
)T = g vs € 8, ¥n e NP, (39)
% ’y=(c?7(f))<”
P = (3D + Rrep)?, Vs € 8,vn' € A, (39)
. B ) (R )
(@)D = () + ( )2 F( /) : Vs € S,¥(n,n') € ®s. (40)

Equations (37)-(40) show that the update by agent s is based on the information he receives from
the ISO and his private information (i.e., utility functions of his demands and cost functions of his
generators).

We study convergence of the tatonnement-process described by (37)-(40) by choosing

Ye

FP) ) = log (j’d ; 1) , (42)

FP(y) = exp <y) ~1, (41)

as surrogate cost and utility functions, respectively. Note that f(7)(y) and f(P)(y) satisfy Assumptions
8 and 9, respectively. With the choice of f(&) (y) and f (D) (y), we obtain the following result.
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Theorem 7 (Convergence of proposed tatonnement-process). Choose (41) and (42) as surrogate cost

and utility functions, respectively, define

2,.(s)
) Slb) 9%cp,
3255’) (s) 8(65?)2 (s)
Ve = max max max o o ; (43)
(seSneN i) el eel? 9205 | 93¢ |
S 2 S 3
7 T
dufy) | 6()27?;2 |
8d | () o(dn”) | 4
Va4 = min min min —d"—dff), dn —dT(f) , (44)
(seSneNtP)) dY Dl | o) | | P |
(5))? ()}
(ORI (ORI
and assume that the conditions (45)-(46) below are satisfied.
82(:,({9) 80%5) 1 B
1y — | < : Vs e S,¥n e NB), (45)
“oe2|,  0e|,  T-Elp +T2Dlg :
ol ous; 1 D
|Ya | < , Vs € 8,¥n e NP, (46)
odz ], od? |, s Bl + 0Dl :

where El, o) and DI, o) are fized indices for producers and consumers related to their locations in the
network, and Ty, T, Ty, Ty are fized constants which depend on the network structure and parameters.
Then, the tatonnement-process described by (37)-(40) is a contraction map. The unique fized point of
this contraction map is a Nash equilibrium of the game induced by the mechanism proposed in Section /.
Furthermore, the allocations (energy production and consumption) resulting at each step of the proposed

tatonnement-process are feasible solutions of the problem (OPF).

The proof of this theorem and definitions of indices El, ), DI, ), 11, T2, T3, and Ty appear in
Appendix 1.

Example 1 (Quadratic cost and utility functions). Generators and flexible demands usually have quadratic

cost and utility functions. For instance,

(s)

cgf) (ens)) = %.(aﬁ?)Q + j,(f).egf), Vs € S,Vn € NS(E), (47)
(s) (s)

w®(d®) = —%.(dﬁf) 24 g D« % Vs € S,Vn € NP, (48)
3

() (s)

where 1, , I, 528), and &({9) are parameters of quadratic cost and utility functions.

In this case, v. and g are defined by

=), I
Ve = max B, +2= ], (49)
‘ (s€SneN E) zﬁf)

25



Vd * min &(15) 2. D% (50)
4= o 2 ;
(s€SneNE)) 5515) "

and the analogues of (45) and (46) are given by (51)-(52).

1

(5) _ (s) 2 1

‘w" " ST Bl + Ty DIy Vs €8, € N, (51)
1

o) — 1) < : Vs € 8,¥n e NP, 52

a T3.El g + T4 DIy (52)

Assuming (51)-(52), Theorem 7 can be proved for quadratic cost and utility functions.

Remark 5. Conditions (45)-(46) impose limitations on the first and second derivatives of the cost and
utility functions, respectively, at zero production and consumption. These conditions can be justified by
the results of [68] and [69] on stability of tatonnement-processes. The conditions are not valid for all
networks. In the numerical case study presented in Section 8, (45)-(46) are not satisfied. In such a case,
we modify the tatonnement-process described by (37)-(40) so that the resulting algorithm is convergent
(see Section 8). Then, the unique fized point of this modified contraction map is also a Nash equilibrium

of the game induced by the mechanism proposed in Section 4.

Remark 6. In practice, the best-estimate algorithm stops when the difference between all the components
of two successive estimates is less, in absolute value, than some predetermined number € € R~g. In this
case, even though the outcome of the tatonnement-process is not a Nash equilibrium of the game induced

by the mechanism, it is still a feasible solution of problem (OPF) (see Theorem 7).

Remark 7. The game induced by the mechanism proposed in Section 4 may have many Nash equilibria.
The tatonnement-process defined in this section is a contraction map, thus it has a unique fixed point

which is one of the Nash equilibria of the game induced by the proposed mechanism.

7 Extension to Sparse Electricity Networks

In the model of Section 2 we assume that there are no isolated or intermediary nodes. However, electricity
networks are usually sparse. This means that there are network nodes with no agents located in them
(i.e., “intermediary” nodes); furthermore, it is possible that there are nodes without any agents located
at them or at any of the nodes in their immediate neighbors (i.e., “isolated” nodes). In this section, we
discuss how the proposed mechanism can be extended to the case of sparse electricity networks.

First, we define by Rﬁfmt) the extended neighbors of node n as follows: For any n’ € Rq(fmt) there
exists a path from node n € N to node n’ that does not include any agent other than the one at node
n and, possibly, the one at node n’. Then, we define A&”t), the set of extended nodes of agent s by

Age”) =U, WE N(D))R,(fxt) . We define by ngxt) the set of all agents s that have node n belonging

to Agext). We define @26”), the extended set of neighboring transmission lines of agent s as follows: For
any (n',n") € 3 there exist a path from node n € (NS(E) U./\/'S(D)) to node n’ that does not include
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any agent other than agent s and, possibly, the ones at node n”. Finally, we define T(efﬁ to be the set

n/
of agents s that the transmission line (n’,n”) included in ol

To extend the mechanism proposed in Section 4 to sparse networks we consider the following message
(s)

qn/n// ) (n,’n,,)e(pgext) .
As far as the outcome function is concerned, the fourth and fifth terms in (25) must include all neighbors

in Agezt) and all transmission lines in <1>§6“). In addition, all LMPs and FTR prices must be calculated

in (26) and (27) with respect to the extended neighbors in the sets Qe and 1) respectively. With

n/n'"

space. The price vectors ps and ¢s in (11) are replaced by the vectors (pff,))n, NGO and (

these modifications, we can prove that the resulting mechanism possesses the same properties as the

mechanism in Section 4.

Example 2 (A sparse electricity network). Consider the network of Figure 2. Assume an agent has gen-
erators at nodes 1 and 7. In this case, Ay ={1,2,3,5,7}, Agem =1{1,2,3,4,5,6,7}, &5 = {(1,3),(1,2),
(3,1),(3,2),(5,7),(7,5)}, and <I>§"’“) = {all transmission lines}. Then, the agent must propose the price

stors 53 o ) gt

Intermediary { Isolated Intermediary
bus bus bus

Figure 2: An example of sparse electricity networks.

8 Numerical Case Study

To validate the effectiveness of the proposed mechanism and tatonnement-process, we consider a three
nodes electricity network with three identical transmission lines. Each 138 kV transmission line has an
inductance of 14.59 Ohms, a resistance of 1.82 Ohms, and a capacity of 390 MW. This simple electricity
network, which has also been used in [12] for validation purposes, is illustrated in Figure 3.

As shown in Figure 3, each node has one generator and one flexible demand. The must-run demands
of nodes, i.e., (Op)nen, are considered equal to zero. In addition, there are three strategic agents
(S ={1,2,3}), the characteristics of which are displayed in Table 1.

Under the above data, the ISO should issue 390 MW of FTRs for each transmission line. We assume
that agent 1 owns 210 MW share of FTRs of each line, and each of agents 2 and 3 own 90 MW shares
in each line.

The dispatch and the agents’ payoffs at an equilibrium of the proposed mechanism applied to the

above network are presented in Tables 2 and 3, respectively. From Table 2 we conclude that the optimal
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Figure 3: A simple electricity transmission network.

Table 1: Utility and cost functions of agents.
s | a2 A o) (@) ) () 56 5O
v {3} —0.15(d")2 41004 0.15(el)? +75e(” 100 50
{2y {1} —0.10(d?)? + 20042 0.05(e!?)2 +30e 200 500
{3} {2} —0.05(d ( )2 ()2 1+ 50eY 400 150

w N =

+400d) 0.10(e$

dispatch (solution of problem (OPF)) is implemented in Nash equilibrium, and from Table 3 we conclude

that individual rationality and budget balance are satisfied.

Table 2: Dispatch at Nash equilibrium of the proposed mechanism.
n | X, g &0 X o d (@) A (W) A (W, 9)

469.46 76.95 o7.17 19.73
144.69 155.32 59.20 19.73
3 19.41 391.82 61.08 19.73

8.1 Feasibility and Efficiency of Implemented Dispatch

We investigate the following issues. First, we check if the dispatch of Table 2 is a feasible solution of the
alternate-current (AC) power flow model. Second, we check the efficiency of the dispatch of Table 2 by
comparing it with the optimal dispatch obtained when the AC power flow model is used instead of the
convex DC approximation.

To study the feasibility of Table 2’s dispatches within the context of the AC power flow model we
proceed as follows: We consider the dispatch of Table 2 at all nodes except one, say node 1, and use
them in the package of MATPOWER 6.0 in MATLAB, [70], to obtain the solution for the AC power flow
model (MATPOWER 6.0 requires that we should consider a slack node, thus we take node 1 to be that
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Table 3: Payoff at Nash equilibrium of the proposed mechanism.

s || 3, v u@D00) — X, o @0 m) b (me) U, (1)
5293.6 4322.3 971.3 >0
3548.6 —24829.4 28378 > 0
139726.0 19922.1  119803.9 > 0
0

node). According to the solution of the AC power flow model in Table 4, the generator at the slack node
produces 1.11 MW less than the amount corresponding to the solution of the convex DC approximation.
The difference between the two dispatches is due to the fact that in the model of Section 2 we do not
consider losses due to the terms neglected in the convex DC approximation. As a result of this difference,
the dispatch associated with all Nash equilibria resulting from the convex DC approximation model does
not satisfy the power balance equations in the AC power flow model. Thus, the dispatch of Table 2 is
not a feasible solution of the AC power flow model. Nevertheless, the difference between the dispatches
of Tables 2 and 4 is very small (less than 0.25%).

Table 4: AC power flow of the equilibrium dispatch.
n | 0. Xy el (@) X d (@)

0.00 468.35 76.95
2 —0.09 144.69 155.32
0.34 19.41 391.82

In Table 5, we compare the dispatch of Table 2 with the solution of the OPF problem when: (i)
the exact AC power flow model is used; and (ii) the DC approximation model is used. For the OPF
problem associated with the exact AC model, we assume that the voltage magnitudes at all nodes are
limited between 124.2 kV and 151.8 kV. We observe that the dispatch of Table 2 is a more accurate
approximation of the optimal solution of the AC power flow model than the dispatch resulting from the

optimal solution of the power flow problem for the DC approximation model.

8.2 Tatonnement-Process Convergence

Generators and flexible demands in this case study have quadratic cost and utility functions, and are
given by (47) and (48), respectively. The quantities 7. and 74 are defined by (49) and (50), and are equal
to 800 and 233.33, respectively. If (51)-(52) are satisfied for the network considering in this section, the
tatonnement-process described by (37)-(40) converges to a Nash equilibrium of the game induced by the
mechanism proposed in Section 4 (see Theorem 7 and Remark 7).

We now check if (51)-(52) are satisfied. The left hand side (LHS) and RHS of (51) and (52) are
presented in Table 6. The ratios of RHS to the LHS of (51) and (52) are denoted by o) and pgf),

29



Table 5: Comparing the dispatch of Table 2 with the solutions of the OPF problem with AC and DC

power flow models.

n | B,y )00 X w0 A (W) 4 A p (W, 9)
1 481.2 72.9 78.1
OPF with DC power flow 2 140.6 159.4 78.1
3 10.4 400 78.1
1 469.5 76.9 76.9
Implemented Nash equilibria || 2 144.7 155.3 78.9
3 19.4 391.8 80.8
1 473.0 75.6 77.3
OPF with AC power flow 2 144.3 155.7 78.8
3 17.8 369.5 80.3

respectively, and appear in Table 6. Since m(f) and pgf) are less than one for all generators and flexible

demands, we conclude that conditions (51) and (52) in Theorem 7 do not hold, therefore, we cannot
conclude that the tatonnement-process (37)-(40) converges to a Nash equilibrium of the game induced
by the mechanism of Section 4. In this case, we modify the tatonnement-process (37)-(40) as follows:
We replace (37)-(38) with (53)-(54) given below,

ey
ety

af(E)
Jy

@

(WD) = (1 = b).(wl) ™) + b, , Vs € S,vn € NP, (53)

=)
8u$f>
adsy)

T 9f(D) ‘

% |y=(d)m

(U(s))(-r+1) _ (1 B b)(v S))(T) T (J%S))(-r)

n

, Vs € S,¥n e NP, (54)

where b is a positive number less than 7”1%2_1 and L is defined as

1 1
L = max [ max o | max | <5 | |- (55)
s€S \ nen® \ oy, neNP \ pn

In the modified tatonnement-process, the weight factors (wgf))se SneNE) and (1)7({9))8E Smen(D) are updat-

ing smoothly through the use of coefficient b. With this modification and by choosing (41) and (42) as

surrogate cost and utility functions, respectively, we can prove the following result.

Theorem 8 (Convergence of modified tatonnement-process). Choose (41) and (42) as surrogate cost and
utility functions, respectively. Then, the algorithm described by (53)-(54) and (39)-(40) converges to the
fized-point of the tatonnement-process (37)-(40); this fized point is a Nash equilibrium of the game induced
by mechanism proposed in Section 4. Furthermore, the allocations (energy production and consumption)

resulting at each step of the modified tatonnement-process are feasible solutions of the problem (OPF).
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The proof of Theorem 8 appears in Appendix J.

Table 6: LHS and RHS of (51) and (52).

| LHS of (51) RHSof (51) oy |  |LHSof (52) RHSof (52) pl’

el 165 4.25 0.026 || dtV 30 5.31 0.177

e'? 50 4.25 0.085 || d? 63.3 5.31 0.084

) 110 4.25 0.039 || d$” 96.6 5.31 0.055
Using the modified tatonnement-process, the convergence of weight factors (w,(f))se Smen® and

( (s)

Up, )se SmeN®) is illustrated in Figure 4. Moreover, the convergence of productions, consumptions,
and LMPs, is depicted in Figures 5, 6, and 7, respectively.

10 T T T T T T T T

— W)

ol — w2y
— O
- o7

- _(V<22))(r> I

_______________________________ = =P

= —-—

-

weight factors (per unit)

0 20 40 60 80 100 120 140 160 180 200
iteration

Figure 4: Convergence of weight factors.

8.3 Comparison with Other Existing Mechanisms

At equilibrium, the surrogate mechanism proposed in this paper is compared to two other conventional
market mechanisms, the marginal price clearing mechanism in the power pool and the VCG mechanism
[42]. The scenarios in Table 7 are used to comprehensively analyze the ISO’s objective changes under

different market mechanisms, including three strategic agents in three nodes electricity network.

Table 7: Comparison of market mechanisms.

Mechanism H ISO’s Objective ‘ Y sests
Proposed surrogate mechanism 148568.2 0

Power pool 140625.4 3049.8

VCG 148568.2 -3289.5

According to the comparison results in Table 7, the ISO’s objective at equilibrium is lower under
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Figure 6: Convergence of consumption of demands.

the conventional power pool model. Furthermore, the ISO’s objective under the proposed surrogate
mechanism and the VCG mechanism are the same. Although the market can converge to the optimal
ISO’s objective under both the VCG and proposed surrogate mechanisms, the VCG mechanism cannot
reach budget balance on its own. Furthermore, at the equilibrium of the conventional power pool market,
a weak budget balance will be established. The proposed surrogate mechanism’s advantage is precisely

its ability to maximize the ISO’s objective while balancing the budget without the need for third-party

monetary subsidies.

9 Conclusion and Future Work

We have presented a market design for electricity networks with strategic agents possessing asymmetric
information. The electricity network model takes into account the congestion in transmission lines,

losses, and FTRs. Our approach to market design is based on mechanism design for local public goods.
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Figure 7: Convergence of LMPs.

Our design consists of a mechanism along with a tatonnement-process which, under certain conditions,
converges to a Nash equilibrium of the game induced by the mechanism. Our mechanism has a finite
message space and possesses several desirable properties, namely: (i) it is budget balanced; (ii) the
allocations corresponding to each Nash equilibrium of the game induced by it maximize the strategic
agents’ social welfare, that is, the sum of agents’ utilities; (iii) it is price efficient; (iv) it is individually
rational; and (v) the allocations corresponding to off-equilibrium messages are feasible.

We presented a case study where we highlighted the properties of the proposed mechanism, and
indicated how the tatonnement-process must be modified if the conditions sufficient to guarantee its
convergence are not satisfied.

The proposed design approach can be potentially extended to simultaneous energy and ancillary ser-
vice markets (i.e., multi-commodities market), and other networked systems/markets with externalities

such as spectrum allocation in wireless networks with interferences.

Appendices

A Karush-Kuhn-Tucker Conditions:

A.1 KKT Conditions for Problem (OPF)

Because of Assumptions 1 and 2 and constraints (6)-(10), (OPF) is a strictly concave optimization
problem with a convex domain, where Slater’s constraint qualification condition is satisfied. As a result,

(OPF)

the KKT conditions are sufficient and necessary for optimality. Define the Lagrangain £ associated

with (OPF),

Lo =% | 3w - 3 dPel)

s€8 \penP) neN®
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_ Z)\T(lo) (On — Z e%s) + Z d7(ls) + Z (Bnn’-enn’ + ;Gnnlegm’>>

neN sew) sew'P) " ERn

_ Z ( Z <?%S,O).(d$ls) _ ﬁff)) _ S;S,O)‘dglso _ Z (@S,O).(GS) —ES)) S01(13,0).6%5)))
nEN(D)

seS p TLEN(E>
o 1 0
3 SN RN PRV I PR X STDRN
neN n'€Rn, neN n'€Ry
where /\%O) , gﬁf’O), @S’O), ggf’o), f§f’0), uil?l?, and X( ) denote the centroid of set of Lagrange multiplier

vectors corresponding to constraints (6)-(10). The KKT conditions are

6£(OPF) B gls)
T = A 4D =59 =, Vs € S,¥n e NP, (57)
9L (OPF) 8 28)
=5 =-=5 + A9 4 0 _gle:0) — g, Vs e S,Vne N®,  (58)
oe,, ey’ (o))
aE(OPF)
=Y ((B,m, G 02 ).(NO) 4 ufff})) — X9 XD o, VneN, (59)
nn/ n'€Rn
Op— > () + Y (dY)
seuP) sculP)
1
+ ) (Bm/ﬂ;‘m, + Q.Gm,.(e;;n,)?> A9 =, VneN, (60)
n'€Rn
(el =) =0, Vs € S,Yne N\B), (61)
((egﬁ)* - Efj)) B0 =, Vse S, vneNE, (62)
(d;))*. ggf’o) =0, Vs e 8,¥n e NP (63)
(d®)y - Db ) 5.0 — Vs e S,Vne NP, (64)
B0, + = Gm (05, )2 — T, ) 19 =0, Vn € N,Vn' € R,, (65)
(6) = (10)] 4 (66)

Dnenatera (7)) Lo (@0 o)
o ,0O —(s,0
(>\£L ))nGNa (fgls ))SES,RE/\/S(E)’ ((pﬁzs ))SES,HENS(E)’
o —(s,0 @]
(Sgls’ ))SGS,nE/\@(D)’ (C%S’ ))SGS,nE/\/'S(D)’ ('uimbneNm’GRn >0, (67)

where (0% )nenN n/eRn ((egf))*)ses nen(E), and ((algf))*)se‘S 2 are the unique solution of problem
(OPF).
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A.2 KKT Conditions for Problem (Surrogate)

Because of Assumptions 8 and 9 and constraints (12)-(17), and since the weight factos (wg)

and (v (S)) seSmeND

) SES, nGN(E)
are strictly positive, for any fixed message profile (w, V), (Surrogate) is strictly

concave optimization problem with a convex domain, where Slater’s constraint qualification condition

is satisfied. As a result, the KKT conditions are sufficient and necessary for optimality. Define the

Lagrangain £5¢) associated with (Surrogate),

L(SG)Z( P AICI TN wff)-f(E)(ens)))

€S \penP) neN®)

S| on- P+ S dP+ Y (Bm,_em,+;am,.egn,>

neN SE\PSLE> SE\I’$LD) n'€Rn

_ Z ( Z (df)'(d%) _ ES)) - S;S)'dq(f)) _ Z (Egs)‘(egls) _ ES)) . s07(15).6n>)
s€5 \nen P neN )

- Z Z Hnn!- <Bnn"9nn’ + é-Gnn“(an/)Q - an’> - Z Z Xnn/- (Hnn/ + Hn’n)
neN n'€Rn neN n'eRy

2 e (O 3 el 3 A b Y Gt |
neN 56\D$F> selIl n'€Rn

where \,, g(f), 7, <), o)

vectors corresponding to (12)-(17). The KKT conditions are

(8G) (D)
85() =¥, of — A= Mg+ =) =0, Vs € S,¥n e NP
Ody; W |, g
(8G) (B)
oL _ —w®). o7 + A A Ao + 0 =B =0, Vs € S,¥n e NP),
867("05) 9y y=e$) -
or(8G) . .
80nn’ = Z ((Bnn’ + Gnn’gnn/)(An =+ :unn/) + Gnn’-enn’-)\ref) — Xnn/ — Xn/n = O,VTL € N?
n'€Rn
. . 1 .
On— > e+ > dP + > (Bm/.e,m/ + Q.Gm/.egn,> An =0, Vn e N,
sew( sew(P) nERn
éns).fff) =0, Vs € S,vn e N
(éff) — E,(f)) P =0, Vs € S,¥n € NB)
d® & =, Vs € S,Vn e NP,
(4 - D) < =0, Vs € S, n € NP
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Sn’s Hnn's Xnn', and Apop denote the centroid of set of Lagrange multiplier



~ 1 o _
<Bnn/.9nn/ + i'Gnn"egm’ — an/> Mnn! = O, Vn € N, Vn' S Rn, (77)

S {on- 3 e+ 3 C@g)%. S G 02, | Aoy =0, (78)

neN sG\II%E) sE\I/;D) n'€Rn

12) — (17)] .4 (s (s , 79
( ) ( ) ( nn’)WENWL/ERn’(e%))SES,nGNS(E)7(d$L))SES,nGNs(D> ( )
(/\">”€N’ (E;S))SES,nGNS(E)’ (Q%S))SGS,nENs(E)’
(528))563,716/\/'5@)’ (E%S))SES,nGNSw)’ (””"/)nENﬂ’ERm >‘7“6f >0, (80)

where (énn’)nEN,n’Ean (é,(f))ses nen(E), and (627(18))568 nenP) are the unique solution of problem (Surrogate).

B Proof of Lemma 5.1

Proof. Consider a fixed message m_g of all agents except agent s, an admissible production vector

@) pent®
there exists a message s for agent s such that

and an admissible consumption vector (d’(f))ne AP for agent s. We want to prove that

e (g, i) = &), n e NP, (81)
4 (i) = dY), n e NP, (82)

neN(E) and

For that matter, consider the following modification of problem (Surrogate). Set (e%s))
(dgf))neNs(D) equal to fixed vectors (é,(ls))neNs(E) and (J’(f))nej\/s([’)‘ Call the resulting problem (Surrogate(=*)),
which maximizes the sum of surrogate functions of all agents except agent s, when production vector

(égf))n en(® and consumption vector (ciﬁf))ne (D) are reserved for agent s. Because of Assumption 3,

the resulting problem (Surrogate(—*)) has at least one feasible solution. In addition, because of As-
sumptions 8 and 9, constraints (12)-(17), and the fact that the weight factors (wq(f )

( (s")

Un

)s’ES—{s}meNS(F) and

)s’e S—{s}me Ns,(/m are strictly positive by the specification of the mechanism, the resulting problem
(Surrogate(~)) is a strictly concave optimization problem with a convex domain where Slater’s con-
straint qualification condition is satisfied. Thus, the KKT conditions are sufficient and necessary for
optimality.

Denote by (é,(fl))

~ ! ~

(s") . .
veS—{shmeN P (dn, )s’eS—{s},neNf)’ and (0pn/ )neN n/er,, an optimal solution of

problem (Surrogate(=*)), and by (An)nen, (ﬁ(f/))seS—{s},neNSE)’ (@5{9 )5,65_{5}’%/\/(/15)7 (S%S/))S'GS—{S},neNSD)’
(77(18 )) s'eS—{s},neNP) (Bnn’ JneN weRn (Xnn/ IneN m/eRn» Aref @ set of Lagrange multipliers which along

with (égf ))s’eS—{s},neN§F> and (ci$f ))s’ES—{s},nGNS(,E) satisfy the KKT conditions of problem (Surrogate(=*)).

If we write the KKT conditions of problem (Surrogate) (see Appendix A.2) and we select message vector
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ms = (Ws, Us, Ps, ¢s) for agent s so that

(s) _ >\n + )\ref

(E)
W= : Vn e N;¥, (83)
9 ly=el)
)\n + )\ref D
USLS):af(D)” Vn € NS( ), (84)
%W ly=d

then, the KKT conditions of problem (Surrogate(—®)) are satisfied Furthermore, by (18)-(19) and (83)-
(84) we obtain (81)-(82). To complete the proof of Lemma, we need to prove that A, +A.cf > 0,Vn € N;
this will show that (w7(1 )) seSmeN seSmeN D) defined by (83) and (84), are strictly positive.
We prove that A, + A\rer > 0,¥n € N by contradiction. Suppose 3n € N such that A\, + A\yef = 0. Then,

the constraint (12) for n and the constraint (17) are non-binding in problem (Surrogate(~*)), and this

(&) and (v,(1 ))

contradicts the optimality of (€&, o )) SES— (s} meNED (Jgf ))5'68—{5} neNED and (énn’)nEN,n’eRn in problem

(Surrogate(=)) because the productions (é,(fl)) can be reduced or the consumptions

S’EQn—{s},n’ENS(,E>
(d’(f,))s'eﬂ s men(®) can be increased and, as a result, the objective of problem (Surrogate(~—*)) will
be improved. ) O

C Proof of Lemma 5.2; Nash Equilibrium Existence

Proof. We define the message profile m* := (W*, v*, p*, G*) given by (85)-(88) below,

(9(:7(13)
()|, (s)
()« — _9en " He) (E)
(wy?)* = 57 , Vs € S,Vn e Ng™/, (85)
W ly=(el)*
8u$f)
(s) (s)
(s)yx — _ 9% ldn) (D)
(v)* = 57 : Vs € S,Vn e N7/, (86)
(i) = o7+ Arey (W°,9°), Vse S, € A, (87)
) ) o ﬁ —** I 5\ Fx
(%(nzz)* = Nnn/(W*7v*) + ( Q)F ( Ad )’ Vs € S,V(n,n') € (1)57 (88)

where <(e’(18))*>ses s and A((d%S))*>s€S renD) are the unique optimal solution of problem (OPF),
and A (W*, V%), [l (W*, V%), L(W*, V), Aref(W*,V*) are the solution of problem (Surrogate) and are
defined by (21)-(24).

We want to show that m* = (w*, v*,p*,q*) is a Nash equilibrium of the game induced by the

proposed mechanism. We proceed in three stages.

First stage:
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Claim 1. Consider a fized message profile M_s for all agents other than s and let m/, be the best response

of agent s to m_gz. Define Ag(mis, mM_g) by

As(m& rﬁ—s) = Z (PS) - 5\n’ (T?LS, Iﬁ—s) - 5‘T'ef(n_is-; rﬁ—s)>2

n'€Ag
~ ~ 2
o v (ias T_s) Loyrmyr (1The, T
> <q§3¢~—uw<ms,m_s>— s e S)>' (39)
(n/ 0" )eds L/t

We prove As(ml,,m_g) =0,Vs € S.

Proof. We establish this claim by contradiction. Assume Ag(m),m_g) # 0, then agent s’s utility at

(mf,m_g) is

nE/\/;gD)
=Y (P i) — PG )

neNE)
+ > QY my).al), — A, my). (90)
n’EN,n”eRn/

e [~ 1

Agent s can change his message to m/ = (., %, p’,q)), where (., ¢,) are not changed while the

=~

price proposal (pY, ") is changed to

()" = S (7, 1) + Apep (171, 1), vn' € A,, (91)

(qual”)” = [y (M, M) + N ) V(n',n") € ®,. (92)
Then, agent s’s utility at (m?, m_g) is given by (93).
Ug(al i) = >0 () (dD el i) — PO () dY) (il )
nENS(D)
= > (D G ) — P (). (i) )
nG/\/ﬁE)
+ Z ij?’uz(fﬁ_s).asz@,,. (93)
n’EN,TLNGR ’

Using (18)-(19), we conclude that the first three terms of (90) are equal to the three terms of (93).
Since Ag(m}, m_g) is positive, as it is the sum of positive square terms, we conclude Ug(m”, m_g) >

—

Us(m, m_g). This means ni} is not a best response to m_g, a contradiction. O

38



Second stage:

Using the result of Claim 1, agent s’s utility at (m., m_;) is given by

UGty = 3 (ul)(d) 0 moy) = PO () 4 (i) ) )

neN{?)
= Y (D0 ) - PO 6 ) )
nE/\/'S(E>
+ Y QY. amoy).al), (94)
n’ EN,’I’L”ERH/

where the message profile i is replaced by best response message profile m/, of agent s and m_g is
fixed. Note that the third term of (94) does not depend on the message vector ni}. In addition, using

the argument of Lemma 5.1, there exists a message profile for agent s such that any production and con-

sumption vector, such as (é,(f) (mZ, rﬁ,s))neNéE) and ( S (m!

- rﬁ,s))neNs@), can be achieved. Therefore,

(éq(q,s) (m, rﬁ,s))neN(m and ( i) (m, rﬁ,s))neN(p) are the solutions of the following optimization problem

for agent s, called problem (BR()).

a3 () - POGR-)AP) = 3 () el) - PO0T-).€f) (BRY)
" nentP) )
subject to:
0<d® <D, Wn € D), (95)
0<el) <EY, Vi € NP, (96)

Because of Assumptions 1 and 2 and constraints (95)-(96), (BR(®)) is strictly concave optimization

problem with a convex domain, where Slater’s constraint qualification condition is satisfied. As a result,

the KKT conditions are sufficient and necessary for optimality. Define the Lagrangain £(5 R®)) associated
with (BR()). Then, the KKT conditions for problem (BR(®)) are
(BR()) (s) (s
. Ol au?s) - PP (m_,) - ¢ + (¥ =0, Wn e NP, (97)
ody, od,, ) i i) -
(BR()) (s) s
o= + PP 0E ) - By + 69 =0, Ve NP, (98)
Den Oen” |0 g i) -
(D} = d it 1)) G, =0, vn e NP, (99)
di) (), M) ¢ =0, vn e NP, (100)
(B — & (i, mmi_y)). By =0, Vn e N2, (101)
el (i, m_,).01) =0, Ve NB), (102)
(95) — (96), (103)
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where QS), 228)7 QS), and BS) denote the centroid of set of Lagrange multiplier vectors corresponding to
constraints (95)-(96).

Third stage:

Write the KKT conditions of problem (Surrogate) (see Appendix A.2) for the fixed message pro-
file (w*,v*) described by (85)-(86). Note that because of (18) and (19), &) (W*,Vv*) = &) (m*) and
dy) (%*,9%) = dy) (i@r*). Using the KKT conditions (13)-(14), (69)-(70), (73)-(76), and setting o(*) = (),
@(f) = ZS), ggf) = éff), ¥ = BS), the KKT conditions of problem (BR(®)) described by (97)-(103) are
satisfied for all agents s € S. This shows that for the message profile (W*,v*) defined by (85)-(86),
agent s cannot achieve any better production and consumption vectors than (ég)(m;, Iflis))ne AE) and

( Agls) (m* - %

X m_s))ne D) by any unilateral deviation from m%. The only incentive for deviation agent s
could possibly have is to reduce payment by changing his price proposal. However, at message profile
m*, the price proposal (p*,q*) is selected by (87)-(88) and the function As(m}, m* ) (defined by (89))
is equal to zero. Therefore, for each agent s, message m} is the best response to m* ;. Consequently, the

message profile m* is a Nash equilibrium of the game induced by the proposed mechanism. O

D Proof of Lemma 5.3

Proof. Let m* := (w*,v*, p*,@*) be a Nash equilibrium of the game induced by the proposed mechanism.
Assume that all agents except agent s adhere to the message profile m* , and agent s broadcasts message
ms = (W, UL, Ps, @s), with arbitrary price vectors ps = (pS))n’EAS e RlAsl and @, == (q;jzl,,)(n/’n//)qus €
RI®sI. We prove that agent s’s price proposals vectors in m* are as (31) and (32).

Since m* is a Nash equilibrium of the game induced by the proposed mechanism, we must have

—

s (60010157, o (5 0, 152.), o B, )

< U, ((@050)), e, (A2 (05), o, 1o (57) ) Vs €S, (104)

PRGN MR DI G

ne/\ng) nGNS(E)
= > u@dPmn)) - > (P @), VseS.  (105)
neN{P) neN{®

Using (4), (104), and (105), we get
ts (Mg, m* ) > t, (mM*), Vs €S, (106)

where the payment function t5(m) is defined by (25).
Because of (26) and (27), we have

P (1, m* ) = P (m*), Vs € 8,¥n € (NP) UNP)), (107)

n n
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QgLS/?nN (Tﬁs, l’fl*_s) — Cngsl)nu (rﬁ*), Vs € 8, V’I’L, S N, Vn” S Rn/'

Therefore, because of (18)-(19) and (107)-(108), we obtain

> PO m) AP (e mt) = Y B (e )80 (s, )
nGNs(D) nENS(E)

- Y QUG ).al), = Y PP @*).dY (m)

n'eNn" €R neN®
- Y PP ) - ) QY ,(m*).als) . Vs € S.
neN n'eN,neR,,

Substituting (25) and (109) in (106), and using (21)-(24), we obtain

(s) A Sk k) g % 2
Z Py — At (W5 V) = Aoy (W, V)
n'€Ag

o R 9
iy Sk = A V_\;*, V). Ln v_\’r*7 v*
+ § (CISL/, — Un/n! (W*, v*) _ Tef( ) n'n ( ))

(n' n")eds 2.Fppr

> 3 (@)~ A (99— g (w9

n'€Ag

~ A 2
SDx - A _’*, V). Loron _’*’ v
+ Z ((q}jzﬂ/)* — ﬂn/nu (W*7 V*) — Tef(w v ) nn (W v )> ,VS & S

(n' n")eds 2.F

Thus, pt := ((ps))*) N RLA()Sl and ¢ == ((q(s)
n'€Ag -
the following problem.

min Z (P,(j) _ Xn/(v‘\}*’{;’*) — )\ref(v_\?*,\’/’*))Q

. Ag| - 3]
RSy g erlEs!

>0 n'€lg

~ ~ 2

. k- Aref (W, V*). Ly (W*, V*

+ Z qr(zﬁl“ - N’n’n”(W*?V*) - Tef( : L . ( : ) .
(n/ ;n")Ed, 2.Fpnn

This solution is

(pf:,))* - Xn/(v_‘}*"_;*) + S\T@f(ﬁ;*?‘_;*)? Vs € S,Vn’ € Asa
5\ w*, v E I l! v
(q‘3 ”)* = Mn’n”(ﬁ;*a{”*) + ref(W vV ) nn (W » V )

Vs € S,V(n',n") € ®s.

Substituting (112) and (113) in (26) and (27) completes the proof.
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(109)

(110)

n/n//)*)( - € ]R‘;DOS‘ are the optimal solution of
n' neD, Z

(111)

(112)

(113)



E Proof of Theorem 1; Budget Balance

Proof. Using the results of Lemma 5.3, and substituting (31)-(32) in (25), the payment function for agent
s at any Nash equilibrium m* of the game induced by the proposed mechanism is given (30). Then,

using (30) the sum of payments to all agents at any Nash equilibrium m* is

St =3 | 3 (Rl + Aei) d @) = Y (Rl + i) 200

s€S s€8 \jen® neN
D S DI e S UL ST ) PO

n'n - . o

neN n€R,, 2 o

(114)

Based on the formulation of problem (Surrogate) described in Section 4.2 and using the method of
calculation of LMPs described in [71], we obtain

+ I[,Ln/n//(lﬁ*).?n/nu , Yn (= N (115)

én (M%)

o 3 = % aﬁnn”(_’)
=2 2 §A (7). 96, (m)

neN neR,,

Replacing (115) into the RHS of (114), and using > ¢ O‘S’)n" = F,» for all transmission lines, along
with Kron’s formula (see [72], pages 2144-2145), we find that the RHS of (114) is equal to zero. This
means that we have budget balance at any Nash equilibrium m* of the game induced by the proposed

mechanism. O

F Proof of Theorem 2; Implementation in Nash Equilibria

Proof. To prove that the outcome corresponding to every Nash equilibrium m* of the game induced by
the proposed mechanism implements the unique solution of problem (OPF), it is sufficient to show that
we can recover the KKT conditions of problem (OPF) from the KKT conditions of problem (BR(®)
for all agents s € S along with the KKT conditions of problem (Surrogate). Then, by Theorem 1,
at any Nash equilibrium of the game induced by the proposed mechanism the ISO’s objective function
in problem (OPF) is equal to the social welfare function. Thus, we conclude that the social welfare
maximizing dispatch is implemented at every Nash equilibrium.

Write the KKT conditions of problem (BR(®)) for all agents s € S (see (97)-(103)) along with the

KKT conditions of problem (Surrogate) (see Appendix A.2). Let (égf))ses nen® and (Jgf))ses e (B

(Q;S))ses,nej\/ﬁm’ (Z’(S))ses,nej\/s(m’ (@(j)>ses,neN§E>’ (37(18)>se$,neN§E> describe a Nash equilibrium of the
game along with the corresponding dual variables of problems (BR.(*)) for each agent s € S. Using the
result of Lemma 5.3, substitute P(s)( *) with A, (m*) + )‘Tef( m*) in (97) and (98). Then, the KKT

conditions of problem (OPF) are satisfied (see Appendix A.1). O
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G Proof of Theorem 3; Price Efficiency

Proof. Let m* := (Ww*,v*, p*,q*) be a Nash equilibrium of the game induced by the proposed mechanism.
As proved in Lemma 5.3, the price that agent s at node n receives per unit of energy production is equal

to the price that he pays per unit of energy consumption and it is equal to
P (B*) = Au(W5, ) + Apef (WF,97), Vs € 8,Vn e (NP UNP)), (116)

where A, (W*, ¥*) and ;\ref (w*, v*) are the Lagrange multipliers of KKT conditions of problem (Surrogate)
(see Appendix A.2).

As proved in Theorem 2, by writing the KKT conditions of problem (BR(*)) for all agents (given
by (97)-(103) for all agents s € S) along with the KKT conditions of problem (Surrogate) (given in
Appendix A.2), we establish the KKT conditions of problem (OPF) (given in Appendix A.1). Then, we
conclude that A, (W*,v*) + Are #(W*,v*) is equal to )\%O), which is the Lagrange multiplier of constraint
(6) in problem (OPF). Therefore, we conclude that price \,(W*,v*) + Xref(v_v'*,\_f'*) is equal to the
LMP of node n. Based on the formulation of problem (Surrogate) described in Section 4.2 and using
the method of calculation of LMPs described in [71], we conclude that \.;(W*,¥*) is the REP and
j\n(v_\}*, v*) represents the sum of MCC and MLC of price at node n. O

H Proof of Theorem 4; Individual Rationality for Excludable Public
Goods

Proof. As discussed in the paragraph above the statement of Theorem 4 (page 22), to prove individual
rationality for excludable public goods when turning off the generators is either a feasible option or not,

it suffices to show that the utility of each agent s € S at any Nash equilibrium m* is non-negative, i.e.,
Us(m™) > 0, VseS. (117)
To establish (117), we adopt the definition of Nash equilibrium, namely,

U,(1nf, m* ) > Uy (ims, m* ), Vit € My Vs € S. (118)

S9

If we find a message vector m; for agent s such that
Us(ms,m* ) >0, (119)

then, using (118) and (119), we establish (117).

Consider admissible production vector (g,(f))ne NG and consumption vector (0) (s)

her i
neNs(D),W ere €p S

the minimum production level of generator n € ./\/S(E) (if turning off is a feasible option for generator

n e ./\/;(E), then, Qq(f) is equal to 0). By Lemma 5.1, we can find message mis := (Ws, Us, Ps, @s) for agent s
along with production vector (ggf))ne N and consumption vector (O)ne AP such that

E

(s 0 fE)

wy.
oy s
y=en

:)\n+)\refv vneNs(E)v (120)
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(D)
. 8‘}(; = Ao+ Arers Vn e NP, (121)
Yo,
() _ . (8)y* vn' e A 122
P = (00", n' € A, (122)
qff/zlu = (q,,(jzl//)*; V(n/,n//) S q)s, (123)

(s)

are satisfied, where ((p,,')*)nea, and ((qﬁle,,)*)(nlyn//)eq% are the price proposals of agent s at Nash

equilibrium m* (which are equal to (31) and (32), respectively, as proved in Lemma 5.3), and A,, and

Aref are the Lagrange multipliers of problem (Surrogate(_s)), which maximizes the sum of surrogate
functions of all agents except agent s, when production vector (ggf))ne B and consumption vector

(O)ne (D) are reserved for agent s.

Using (122)-(123), the payment described by (25) is equal to

~

i) = 3 (879 + Ay (97,99 el

neJ\fs(E7'é0>
5\ =% ok ﬁ - g ok (124)
+ Z /jn’n”(v_\;*a ‘—/3*) + ref(w , VvV )7 n/n’ (W , V ) .asz’w.
n'eN,n"eR 2.F

Combining (4) and (124) we find that agent s’s utility for the above message s is

Uit = 3 a0 3> - Y el (o)

neN{P) ne{N{E) N {E#0) neN E#0
Y () Ay (5,9 ) .
nENS(Eio) ( )
Mo f (W*, V). Ly (W, ¥
+ Y [l (W, %) + 22t ( ) L ( ) B,
neN n"ER,, 2 Fn
E+#0)

where N, S(Eﬂ) is the set of generators for which turning off is not a feasible option or ggf) #0,Vn € Ns,( .
Because of Assumptions 1 and 2, we have c,(f)(O) =0,Vn € {/\/S,(E) - /\/;(E#O)} and u (0) =0,Vn €
NS(D), therefore

Uy i) = > (A (8597 4 Aoy (95,99)) ) = o) ()

neN E#0
5\ (—** —’*) f/ (—'* —’*) (126)
Sk ok W, Vo). it W,V
b5 (e AT 0
n’EN,TL”ERn/ L in
In addition, by Theorem 3, we have
A (W, %) 4 e (W5, 7) = A, (127)
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where \\?) is the LMP of node n and Lagrange multiplier of constraint (6) in problem (OPF). Using

the KKT condition (58) of problem (OPF), we have

(s)
_ 9 | N0 4 y50) _ (50 ) V¥ € NEZ0), (128)
ae£f> (s) -

Using the KKT conditions (61) and (67) of problem (OPF), we have ¢(50) = 0,Vn € NEZO and

—n

@(f’o) >0,Vn € NLIEZO), Therefore, from (61) and (67) we conclude that

(s)
\(0) < 9en”

T vn e NF70), (129)
€n

)
el

Using (125), (127), and (129), we obtain

Bc,(f)
Uy (1, ") > 0 e — ) (27(15))
nen(E#0) \ 96n el A A (130)
e e Avef (W V) Ly (W,
—|— Z [Ln/n//(w ’V )+ ref( L nn ( ) .afj)n,,.
neENn'€R,, 2. Fpm

Since ¢! e,(f)> is strictly convex function and ) (0) = 0 (by Assumption 1), the first term of RHS

of (130) is non-negative. Moreover, the second term of the RHS of (130), which is agent s’s benefit from
the FTR market at Nash equilibrium m*, is non-negative. Thus, we conclude (119). This establishes

(117) and proves the individual rationality of the proposed mechanism. O

I Proof of Theorem 7; Convergence of Proposed Tatonnement-Process

Proof. Using the result of Theorem 6, we conclude that the allocations (energy production and consump-
tion) resulting at each step of the proposed tatonnement-process are feasible solutions of the problem
(OPF). In the following, we show that the tatonnement-process described by (37)-(40) is a contraction
map; moreover, the unique fixed point of this contraction map is a Nash equilibrium of the game induced
by the mechanism proposed in Section 4.

We proceed in five stages.

First stage:

In the tatonnement-process described by (37)-(40), (pgf,))(”’l) and (q(s),)(”'l) are solely functions of

nn
the previously announced message profile (wgf))(T) and (1)7({9))(7). They do not have any impact on the
announced messages (w,(f))(T/) and (U%S))(T/), V7' > 7. Therefore, they do not affect the convergence and

can be neglected from the convergence study of the proposed tatonnement-process.
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As a result of the above observation, proving the convergence of the tatonnement-process described

by

Bcgf)
(s) |, ,(s)
() (r+1) _ _ 9en (&) (E)
(wy?)) = 37 ® , Vs € 8,Vn € Ni™/, (131)
9y

y=(E))
8ugf)
ad?)

(D) )

9 ly=(dm

@@

, Vs € 8,¥n e NP, (132)

will establish the convergence of the tatonnement-process described by (37)-(40). Therefore, we study
the convergence of the tatonnement-process described by (131)-(132) by choosing (41) and (42) as sur-
rogate cost and utility functions, respectively. Then, the tatonnement-process described by (131)-(132)

is rewritten as

8(:%5)
9l 160 (win g
()7 = ¢ (W0, 90) = T T vseS e, (13)
exp (e(s) (W), v(1) %)
() T+ = ¢ (vw),gw)) (134)

, VsGS,VnG./\/'S(D),

A (W) ()

where W = (i) and 90 = )

Thus, we study the convergence of the tatonnement-process (A4) given by

2w, %)
AW,9) = <<s> ) q>se‘9’"€w ~ (135)
(fn (W’V))ses,neN§E>

Second stage:

We use the following result that is proved in [73].

Lemma I.1. The tatonnement-process A (W, V) is a contraction map if,

sup | DA (%, ¥)|| < 1, (136)
W,

where DA (w,V) is the Jacobian matriz of A(wW,V) and ||.|| is any matriz norm operator.

Therefore, using the absolute row-sum norm, the tatonnement-process A (w, V) is a contraction map,
if (137) and (138) are true.

8C(S) 8§(5)
S W)+ Y W) <1, v YseSvne NP (137)
ves \wen® |0y went® |00
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35(8) 85(5)
S S| Y | W[ <L v WL s e S vne NP (13)
ves \wen® |0y went® |00y

In the subsequent stages, we determine conditions sufficient to guarantee that (137) and (138) are
satisfied. For that matter, we determine upper bounds for the terms appearing in the LHS of (137) and
(138), and specify the above mentioned sufficient conditions in terms of these upper bounds.

Third stage:

For the terms appearing in the LHS of (137) and (138), we write (139)-(142).

(s) (s) (s)
P9 = | 2 (6 w.9)) || s ). (139)
8w1(f, ) 9l OwS )

(s) (s) (s)
2 .9)| = |2 (o) (#,9)) | | 2 ). (10)
dv,, Oey, ov,,

(s) (s) , 7(s)
9| = | 2 (0 (w.9) || 2 ). (141)
ow's) od) ouw's)

(s) (s) (s)
w9 = | 2 (0 . 9)) || 2 ). (142)

00" od'; 0055

We determines the upper bounds for different terms in the following three consecutive claims.
Claim 2 (Upper bound of )OQ(@S)/aegf) ). Define e as in (43). Then,

() 2 () (s)
GC?S) < e ?3 - 6%2) (0)] - (143)
Oey, d(en’)? Oey,

Proof. By some algebra we can show
82c$f> o <L> 8c$f>

acy el [y N/ e e (w,9)

- _ O (w, - (144)
oen’ | ) < 1 én (W.V)

én’ (W,V) T exp ( e )

Because of Assumption 1 and the definition of . in (43), the RHS of (144) is decreasing in &) (W, V).
Therefore, (143) is true. O
Claim 3 (Upper bound of ’8&({9)/8&(13) ). Define vq4 as in (44). Then,

e 0%uly) ouy)
ody, a(dyn")? ody,
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Proof. By some algebra we can show

oy oty o ous)
5(5) — 72(‘8) . (dff) (%, ¥) —|—’yd> + —u(s) (146)
" | iy Odn)? |49 (w,9) dn” |46 (w,9)

Because of Assumption 2 and the definition of 74 in (44), the RHS of (146) is decreasing in 4y (W, V).
Therefore, (145) is true. O

del) 100D, |0dS) jowly) )- We have,

) )

Claim 4 (Upper bounds of ‘aeﬁf)/awfj,’)

, and ‘8d£f) / 81}55/)

det ([Jg 33| |35 34 T) }

o8 | <, S (147)
W,y det([.]; 37| [3s 3] >‘

— T)
aei)) » det<[J3 LRERA oo s
vy det<[J; 7] [3s 34 )‘

T T . T)
adi,)) » det([J3 DIREREA o] )
Ow, det<[J§ 37 [3s 34 >‘

T T . T)
&@ . det([J;; LRERA e w50
vy det<[J; 31| |35 3] >‘

The terms Jg and J4 are fized matrices related to the electricity network topology. They are defined
by

Js = [(J3)H,n]

() {1, if agent max (5, subject to: Y |N§/E)| < Ii) has a generator on node n, (151)
3)k,n —

(s W DxiN

0, otherwise,

Ja= [(J4)n,n]

) {1, if agent max (s, doves ]NS(,E)] + D gres ]NS(,D)] < H) has a demand on node n, (152)
4)k,n —

(Coes WP XN

0, otherwise.
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The terms 11, Ts, T3, and Ty are parameters that are determined based on the utility or cost functions

of generators and flexible demands, and they are defined by

. e.exp<;%).(ge exp(2))"" (i’)g 5

& hdﬁ p2
Ve "\ yg+d

g21 922
o (eot2)™ (2)” .

(E)pl ( hdi)pz
Ve "\ va+d

Ty = () (B o) (B )9227 (155)

() ()"
(o)™ (%)

T, = , (156)

(@)pl ( hdi)pQ
Ye ' Ya+d

«2‘,_.

2l

Q‘,_.

2=

where
80518)
he = min  {—=(0)}, (157)
(s€S,neN P 867(18)
duy) (—(s)
hg = min  {——= (D, )}, (158)
(seS,neN D)) 8d,(~f) ( )
807(15) —(s)
Ho= max {—=(E," )}, (159)
(seSneN P 86,(—;3) ( )
augf)
H;= max {——=(0)}, (160)
(seSneNP)) (9d7(18)
e= max {BYV), (161)
(seSneNP))
d= max {D}, (162)
(seSneN D))
b1 = s - E D), )
SES ZSGS |N5( )| + ZSGS ‘NS( )’
es WY
p2=Y NP - = oy -(INT+1), (164)
SES ESGS ‘NS( )‘ + ZSGS ’NS( )’
N2
T LT e pep— DL ek Sy (165)
seS ZSGS |'/\/:S | + ZSES |NS | -2
NP
2= NP - Lses | | NV, (166)

s E D
seS ZSES "/\/:9( )’ + ZSES |'A/:9( )‘ -2
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Ses VA -1

921 :Z\N§E)\ - 1- AN, (167)
= S aes W 4+ 30 e VAP = 2
NP~
g2 =Y INP)| -1 - Z(Efs | | o oV (168)
seS ZSES |'N’5 | + ZSES ‘NS ‘ -2
NP
931 =) W) - (%SGS o G (169)
SES ZSGS ’NS ‘ + ZSES |'A/‘5 | -2
NP~
g = IV 2o e A N (170

SES ZSES |A/;(E)| + ZSGS ‘NS(D)‘ -2

Proof. Using the KKT conditions for problem (Surrogate) (see Appendix A.2), we obtain (171) that is
)| and ‘8(1%8)/8105;/)

as indicated below.

used to calculate upper bounds on ‘86518)/ awfjl

Q..Y: = By, (171)

where

Jb 0 J3 0 0
0 J2 Js 0 O
Q=1(J; J, 0 Js 0], (172)
0 0 JJ Jg Jr
0 0 0 J; Jgj

T_[oe ad 0O0+Aes) ey 99 0
Yi=156 o o0 ou bw aTﬂ’ (173)
B] = [- or®) oyl _, 0 0 0 0 0}. (174)

Using the same KKT conditions for problem (Surrogate) (see Appendix A.2), we obtain (175) that

)| and )8d,(ls) / (")US}/) as indicated below.

is used to calculate upper bounds on ‘867(18)/ (")USI

Q2.Y2 = Ba, (175)

where

Jy 0 Js 0 O

Q= |(J3 J; 0 Js 0], (176)
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T _ |8e 8d OAtAer) Oy 00 Ou
Y2—[% S o G0 ov v (177)

BT:[O a1 dy| _, 0 0 0 0}. (178)

In the matrices Q1 and Qg2 defined by (172) and (176), J; and Jo are matrices with the following
fixed components,

82 f(E)

J, = diag{wff) : s ’ i

1 [ W ly=e) LzsesM§E>|>x(zseslM5E)l> "
, s (D)

Jo = |diag —o EL ’ o

2 [ { o d;@}} (Tues WP DX(Tes WD) -

J3 and J4 are defined by (151) and (152), respectively, and Js, Jg, J7, and Jg are matrices with the

following components,

Js = [(J5)nn’}

IETYE

Z’N,NGRTL (Bnn” + Gnn”'enn”)a ifn = n, (181)
(JS)nn’ = _Bnn’ - Gnn’-enn’a if n’ 7é n, n' € R”’

0, otherwise,
Jo = [(J6)un| ,

6 ( G)nn VXA

ZTL”GRn Gnn”'()‘n + An + pnpr + /‘n”n)v if n' =n, (182)
(Jﬁ)nn’ = —Gnn“()‘n + A + Hnn + Mn’n)’ if n’ 7& n, n' € R,

0, otherwise,

7= [(M"”'} VXS e (Rl

Zn”eRn (Bnn” + Gnn//.enn//), lf n/ — Zn//<n(‘Rn//| - 1) + 1, (183)
(J7)nn' = § —Bpin — Gpin-Onin, if line nn’ is (n’ — > en( Ry | — 1))th line,
0, otherwise,

Je —
® [(JS)“’“} Shen [RalXSen [Ral

By Oy + %.Gnn/ﬁfm, — F,,y, iflinentonis (/@2 — > ren Ry | = 1))th (184)
(J8)w1k2 = line from node (k1 — 3,/ (|Rur| — 1)),

0, otherwise.
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We can write the matrices Q1 and Qg, defined by (172) and (176), as

Q1 =Q+AQ, (185)
Q:=Q+AQ, (186)
where
[J;, 0 Js3 0 O]
0 J; Js 0O
Q=1(J] J] 0 0 o], (187)
0 0 0 IO
0 0 0 0 I
(0 0 0O 0 0 |
00 O 0 0
AQ=1|0 0 0 Js o |. (188)
0 0 J Jog—1 Jy
00 0 J; Jg—1I

Using (171), (175), and the Sherman-Morrison-Woodburry formula [74], we obtain

Y=Q'B; -0 (1 _ AQ.Q‘1>71 AQ.Q B, (189)

Y, =Q 1B, — QL. <1 _ A(g.(fxl>_1 AQ.Q ! B,. (190)

Consider the second terms in the RHSs of (189) and (190); by some algebra one can show that the
second term of the vector Yy in (173) (corresponding to [0e/Ow Od/Ow]") and the second term of the

vector Yg in (177) (corresponding to [0e/0v dd/0v]") are equal to zero. Thus, we can write

of(E) ~
RO Ty |, ‘det Q- (ns),(n's)
(S/) = = ~ Y (191)
awn/ ‘det Q‘
afP) ~
ae(s) 8y ‘y:d(s/) : ‘det Q*(l’l,S)’(n/,S/)
7| = = - : (192)
vt ‘det o)
af(E) ~
@d,'(ls) ay y:é(sll) : ‘det Q—(n,s)7(n’,s’)
| = p ) (193)
awn/ ’det Q
afP) ~
8d(s) dy ‘y:(j<5/> : ‘det Qf(n,s),(n’,s’)
vl ‘det o)
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where Q_(n’s)7(nljsl) results from Q when the corresponding row of generator/demand n of agent s and
column of generator/demand n’ of agent s’ is eliminated.

By the Schur complement formula, we have

J 0 Js Lo
’detQ’:det 0 Jy Jull|.det [0 I]
J5 Ji (195)
R oot oo U
— |det o Jz”' det <[J3 3l [ I 35 3] )|

Using the definitions of ke, hg, He, Hg, €, and d in (157), (158), (159), (160), (161), and (162), respec-

()
tively, and combining them with (37) and (38), namely w%s).agj) i) gz%) , and Uv(zs)-ag; )

y=d

ele
8u$f)

adSy)
matrices J1 and Js.

in the proposed tatonnement-process, gives the following bounds on the diagonal elements of

i’

2 r(E) H =
he < wl 0 f2 < = exp(—), Vs € 8,¥n e N, (196)
Ye dy el Ve Ve
2 (D)
ha < —ol®), 0 fg < @, Vs € 8,¥n e NP, (197)
Yq+d 0y ORI

Using (195) and the bounds of (196)-(197), and after some algebra, we can show that

_ h p1 hd P2 T
det )> e ) _) det (37 37] 35 3 > , 198
o> (3) (1) e (33 97 foa ] 19%)
=~ He e g1 Hd 92 T
det Q_(n o) (s < (exp — ) <> . det( Ji Jil|Js J ) , 199
| (e, (o) | < | - exp( ) Y EEEHIEA o
where
(911, 012), if (n,s) and (n/,s") both generators,
(91,92) = { (921, 922), if (n,s) is a demand and (n’, s') is a generator, or vice-versa, (200)

(931,932), if (n,s) and (n/,s’) both demands,

and p1, p2, 911, G12, 921, 922, 931, and g3z are defined by (163), (164), (165), (166), (167), (168), (169),
and (170), respectively.
Substituting (198) and (199) in (191)-(194), we obtain the upper bounds (147)-(150). O
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Fourth stage:
Now assume that the conditions (45) and (46) are satisfied, where E1(,, ;) and DI, ) are fixed indices

for producers and consumers defined by

.
det<[J;{ 31| 35 34 ) .
Elng=> | Y —mO (201)
€S | wen® det<[.1g 31| 35 34
det<[Jg 31| |35 J4]T> -
Dlpg=>_ | > e (202)
€S | went® det<[J; 31| 35 34 )‘

By some algebra we can show that constraints (137) and (138) are satisfied. These constraints are the
conditions sufficient to guarantee that the tatonnement-process described by (37)-(40) is a contraction
map. Therefore, by Banach’s fixed point theorem, this tatonnement-process converges and has a unique
fixed point.

Fifth stage:

Claim 5. The unique fized point of the tatonnement-process described by (37)-(40) is a Nash equilibrium

of the game induced by the mechanism proposed in Section 4.

Proof. Let m = (w,V, P, q) be the fixed point of the tatonnement-process described by (37)-(40). Then,
according to (37) and (38), we have

(s) (E)
wf = 2 or , WseS¥ne N, (203)
0en’ | ()~ o | o,
én’ (M y=¢éy, ’ (m)
(s) (D)
o) = 8“?8 ) / aJ(; . VseS,¥neND. (204)
Adn” | 4 () Y ly=d om)
Since the production vector (é,(f) (m)) s, e and the consumption vector (CZ,(f) (M) s, cpp) sat-

isfy the KKT conditions of problem (Surrogate) (see Appendix A.2), using (203)-(204) and some algebra,
we can show that the production vector (égf) (rﬁ))SES,TLENS(E) and the consumption vector (dgf) (rﬁ))ses,ne/\/ém
also satisfy the KKT conditions of problem (OPF) (see Appendix A.1). Therefore, the production vec-
tor (éff)(rh’))ses wen® and the consumption vector (a?,(f) (m)) s, (o are equal to the unique optimal

solution of problem (OPF), i.e.,

e (m) = (ef7))", ¥s €S, Yn e NP, (205)
4 () = ()", s €S, e NP, (206)

Substituting (205)-(206) in (203)-(204) and comparing the results with (85)-(86) proves that (w,V,

— —x Ik Dk %

p,q) = (W*,v*,X* q*). Hence, the Nash equilibrium m* = (W*, v*, p*,q*) described by (85)-(88) is
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the unique fixed point of the tatonnement-process described by (37)-(40) (Note that in the proof of
Lemma (5.2), it is shown that the message profile m* = (W*, v*, p*, q*) described by (85)-(88) is a Nash

equilibrium of the game induced by the mechanism proposed in Section 4). O

O]

J Proof of Theorem 8; Convergence of Modified Tatonnement-Process

Proof. Using the result of Theorem 6, we conclude that the allocations (energy production and consump-
tion) resulting at each step of the modified tatonnement-process are feasible solutions of the problem
(OPF). In the following, we prove the convergence of modified tatonnement-process in three stages.
First stage:
In the modified tatonnement-process described by (53)-(54) and (39)-(40), (p

are solely functions of previously announced message profile (wgf))(T) and (w(f)) 7). Thus, they do not

S))(TH) and (q’fjn/)(ﬂ“i’l)
have any impact on the announced messages of subsequent rounds, (w,(f))(T/) and (vﬁf))(ﬂ) vrl > T
Therefore, they do not affect the convergence of the modified tatonnement-process and can be ommited
from the convergence study.

As a result of the above observation, proving the convergence of the tatonnement-process described by
(53)-(54) will establish the convergence of the tatonnement-process described by (53)-(54) and (39)-(40).
Therefore, we study the convergence of the tatonnement-process described by (53)-(54) by choosing (41)
and (42) as surrogate cost and utility functions, respectively. Then, the tatonnement-process in (53)-(54)
is rewritten as (207)-(208).

(WD = (1 = b).(w®)D + b.c® (v_\}(T),\_f'(T)> , Vs € S,Vn e NB), (207)
)T+ = (1 — b). () 4 el (VVW, \7<T>) : Vs € S,Vn € NP, (208)

where Q(f) (VTI(T),\_/'(T)) and 57({9) (VV(T),V(T)) are defined by (133) and (134), respectively.
Second stage:

We prove the following inequalities.

8C(5) aC(S)
S a W)+ Y "_(w, V)| | <L, VW, V¥, VseS,VneNF) (209)
s'eS n/ENS(E) Wy

o€ o€y
S WS W)+ Y | W V)| <L, YW WVseS vneNP), (210
w,,

s'€S \nrent® 17 neNt?)

where L is defined in (55). Using the results of Claims 2, 3, and 4 of Theorem 7 (appearing in Appendix
I), the maximum of LHSs of (209) and (210) are equal to 1/07(15) and 1/p$ls), respectively, where o) and

pgf) are defined as the ratios of RHS to the LHS of (45) and (46) (or equivalently the ratios of RHS to
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the LHS of (51) and (52) for the case of quadratic cost and utility functions). Thus, the inequalities
(209) and (210) are satisfied.

Third stage:
Because of inequalities (209) and (210), the tdtonnement-process described by (133)-(134) is a L-

Lipschitzian map [75]. As a result of Theorem 2.3 in [75], the modified tatonnement-process described

by (207)-(208) converges to its fixed point, which is the same as the fixed point of the tatonnement-

process desceibed by (37)-(40). As established before, this fixed point is a Nash equilibrium of the game

induced by the mechanism proposed in Section 4.

O
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